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ABSTRACT 
Concepts from algebraic geometry such as cones and fans are related to 
toric varieties and can be applied to determine the convex polytopes and 
homogeneous coordinate rings of multivariate polynomial systems. The 
homogeneous coordinates of a system in its projective vector space can 
be	associated	with	the	entries	of	the	resultant	matrix	of	the	system	under	
consideration. This paper presents some conditions for the homogeneous 
coordinates of a certain system of bivariate polynomials through the 
construction and implementation of the Sylvester-Bèzout hybrid resultant 
matrix formulation. This basis of the implementation of the Bèzout 
block applies a combinatorial approach on a set of linear inequalities, 
named 5-rule. The inequalities involved the set of exponent vectors of 
the monomials of the system and the entries of the matrix are determined 
from	the	coefficients	of	facets	variable	known	as	brackets.	The	approach	
can determine the homogeneous coordinates of the given system and the 
entries of the Bèzout block. Conditions for determining the homogeneous 
coordinates are also given and proven.   
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InTRoduCTIon
The fundamental objects of study in algebraic geometry are algebraic 
varieties, which are geometric manifestations of solutions of systems of 
polynomial equations. The studied classes of algebraic varieties were in 
plane algebraic curves, which include lines and circles, and toric varieties 
such as divisors and fans (collection of cones) as in Puenta [1] and 
Karzhemanov [2, 3]. A good reference in the field of algebraic geometry can 
be referred in Cox et. al [4, 5]. Basically, the subject of algebraic geometry 
is the study of systems of polynomial equations in several variables, that 
has a wide range of applications in science and engineering, for instance in 
robotic, camera motion, computer aided design (CAD) and computer aided 
manufacturing (CAM) systems [6]. Those systems were modeled as sparse 
polynomials which can be utilised by considering the combinatorial structure 
of the polynomials represented as the Newton polytopes, refer Cox et. al 
[7], which is the convex set of the exponent vectors of the polynomials’ 
variables.  Recently, Dickenstein et. al [8] also worked on the combinatorics 
of polytopes but in 4-dimensional.
Ahmad and Aris [9] presented an algorithm that has applied the 
concepts from algebraic geometry to determine the homogeneous coordinate 
ring of bivariate polynomials and to compute the entries of the Bèzout matrix 
of the system. The algorithm terminates successfully with the correct matrix 
dimension and entries in comparison with the work given in Khetan [10]. In 
this paper, we study the effects of translating the vertices of the polytopes 
of the polynomial system studied in Khetan. The effects of scaling the 
dimension of the Newton polytope are also investigated. Thus, sufficient 
conditions in deriving the homogeneous coordinates of such systems will 
be established.
PRelImInARIeS on AlgeBRAIC geomeTRy
Considering an unmixed polynomial system whose supports are identical 
in the following form: 
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Where the entries of Syl and Syl* are of Sylvester type, the entries of Bez are of Bèzout type and 0 
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Where  kji CCC ,,  are the coefficients of ifx  . The bracket variables satisfy a certain set of 
inequalities formulated by Khetan [10] and were implemented to five rules by Ahmad and Aris 
[9], named 5-Rule and was computed with complexity  4nO .  
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Where 21,RR and 3R  are the similar partitions of the fan constructed in Khetan [10]. In addition, 
Khetan’s formula of the Bèzout matrix is also considered and restated in the following theorem. 
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follows, 
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From the fo mulation in Theorem 1, it will produce a homogeneous polynomial, and the 
bracket    is denot d as coefficients of facet variables syyy ,,, 21   while 0   is 
th  formula to enum rate the xponents for each acet variabl . Su  of the exponents must equal 
or each monomial  homogeneous polyn mials with brack t coefficients. Therefore, one can 
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each nonzero   1n tuple,   10 ,,  nn Kxx   defines a poi t  Kp nP  and  nxx ,,0   is called 
the homogeneous coordinate of p.  
 
Geometrically the polynomial (1) can be viewed as the Newton polytope nQ R and 
support  NnQA  ,,1  Z . The support can be plot in a Cartesian coordinate,  yx,  if the 
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Where 21,RR and 3R  are the similar partitions of the fan constr cted in Khetan [10]. In addition, 
Khetan’s formula of the Bèzout matrix is also considered and restated in the following theorem. 
 
Theorem 1. The Bèzout matrix is the matrix of the linear map   )2int(*: QQQ SS   defined by 
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variables 54321 ,,,, yyyyy for the polynomial ring and the exponent vectors of the facet variables as 
follows, 
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homogeneous polynomial system. 
 
Definition 1. [7] Given the set of n-dimensional proj ctive s ace      ~/01  nn KKP ,	 where	
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Where 21,RR and 3R  are the similar partiti ns of the fan constructed in Khetan [10]. In addition, 
Khetan’s formula of the Bèzout matrix is also considered and restated in the following theorem. 
 
Theorem 1. The Bèzout matrix is the matrix of the linear map   )2int(*: QQQ SS   defined by 
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The bracket variables    in Theorem 1, are also known as the coefficients of the facet 
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follows, 
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From the formulation in The r m 1, it will produce a homogeneous polynomial, and th  
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for each mo omial of the homogeneous p lynomials with bracket coefficients. Therefore, one can 
be written as follows, 
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support  NnQA  ,,1  Z . The support can be plot in a Cartesian coordinate,  yx,  if the 3 
 
iiii
iiii
jjj
jj
kk
aRiRule
aRRule
aRjRule
aRjRule
aRkRule










,:5
,:4
,:3
,:2
,:1
1
1
2
2
3
    (4) 
 
Where 21,RR and 3R  are the simil r partitions of the fan cons ructed in Khetan [10]. In addition, 
Khetan’s formula of the Bèzout matrix is also considered and restated in he following theore . 
 
Theorem 1. The Bèzout matrix is the matrix of the linear map   )2int(*: QQQ SS   defined by 
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 1 , ,1 ,10  , and F is the set of all triples    3,, AQ  satisfying (4).  
 
The b acket variables    in Theorem 1, are also known as th co fficie ts of the facet 
variables 54321 ,,,, yyyy for the polynomi l ring and the expon nt vect rs of the facet v riables as 
follows, 
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From the formulation in Theorem 1, it will produce a ho ogen ous polyno al, and the 
bracket    is denoted as coefficients of facet variables syyy ,,, 21   while 0   is 
the formula to enumerate the exponents for each fac t v riable. Sum of th  exponents m st equ l 
for each onomial of the homogen ous poly ls wi  bracket coefficients. Therefore, one can 
be written as follows, 
 
  0,   iiiiiiiQ a for si ,,1 . 
 
In the next definition is to define projective space. This space is very important for 
homogeneous polynomial system. 
 
Definition 1. [7] Given the set of n-dimensional projective space      ~/01  nn KKP ,	 wh re	
each nonzero   1n tuple,   10 ,,  nn Kxx   defines a point  Kp nP  and  nxx ,,0   is called 
the homogeneous coordinate of p.  
 
Ge metrically the polynomial (1) can be viewed as the Newton polytop  nQ R and 
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Where 21,RR and 3R  are the similar partitions of the fan constructed in Khetan [10]. In addition, 
Khetan’s formula of the Bèzout matrix is also considered and restated in the following theorem. 
 
Theorem 1. The Bèzout matrix is the matrix of the linear map   )2int(*: QQQ SS   defined by 
 
   
 
0
3,,
* 



 




 yy
AF
Q  
 
 1 , ,1 ,10  , and F is the set of all triples    3,, AQ  satisfying (4).  
 
The bracket variables    in Theorem 1, are also known as the coefficients of the facet 
variables 54321 ,,,, yyyyy for the polynomial ring and the exponent vectors of the facet variables as 
follows, 
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brack t    i denoted as coefficients f facet variables syyy ,,, 21   while 0   is 
the formula to enumer te the exponents for each facet variable. Sum of the exponents must equal 
for each mon mial of the homogeneous polynomials with bracket coefficients. Therefore, one can
be written as follows, 
 
  0,   iiiiiiiQ a for si ,,1 . 
 
In the next definition is to define projective space. This space is very important for 
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Definition 1. [7] Given the set of i ensional projective spac      ~/1  nn KKP ,	 where	
each no zero   1n tuple,   10 ,,  nn Kxx   fines a point  Kp nP  and  nxx ,,0   is called 
the homogeneous coordinate f p.  
 
Geometrically the polynomial (1) can be viewed as the e t  nR and 
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Where 21,RR and 3R  are the si ilar partitions of the fan construc ed in Kheta  [10]. In addition, 
Khetan’s formula of the Bèzout matrix is also considered and restated in the following theorem. 
 
Theorem 1. The Bèzout matrix is the matrix of the linear map   )2int(*: QQQ SS   defined by 
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 1 , ,1 ,10  , and F is the s t of all triples    3,, AQ  satisfying (4).  
 
The bracket variables    in Theorem 1, are also known as the coefficients of the facet 
variables 54321 ,,,, yyyyy for the polynomial r ng and the exponent vectors of the facet variables as 
follows, 
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From the formulati n in Theore  1, it will produce a homogene us polynomial, and the 
bracket    is den ted as o fficients f facet variables syy ,,, 21   wh le 0   is 
the formula t  enumerate the exponents for each facet variable. Sum of the exponents must equal 
for ach monomial of the homogeneous polynomials with brack t coefficien s. Therefor , one can 
be written as ollows, 
 
  0,   iiiiiiiQ a for si ,,1 . 
 
In t e next def nition is to define pr jective space. This space is very important for 
homogeneous polynomial system. 
 
Definitio  1. [7] Given the s t of n-dimensional proj ctive space      ~/01  nn KKP ,	 where	
each no zero   1n tuple    10 ,,  nn Kxx   define  point  Kp nP  and  nxx ,,0   is called 
the h mogeneous coordinate of p.  
 
Geometrically the p lynomial (1) can be view d as the Newto polyt pe nQ R and 
support  NnQA  ,,1  Z . The sup  can be plot in a Cartesian coordinate,  yx, if the 
5Vol . 16 No. 2, December 2019
Geometrically the polynomial (1) can be viewed as the Newton 
polytope              and support                                      . The support can be 
plot in a Cartesian coordinate, (x, y) if the dimension of affine space is 2 and 
it is called polytope. Thus, in this implementation, the polynomial equations 
with two variables and three equations are used. Polytopes have faces, 
edges and vertices. The faces of polytope are when polygons lying in plane, 
while edges are line segments that connect certain pairs of vertices (faces 
of dimension 1) and vertices are points (faces of dimension 0). Hence, each 
facet                       of Q is a polytope of dimension less than dimension of 
Q. Therefore, if Q has dimension n, then facets are faces of dimension n – 1. 
To define a face of an arbitrary Newton polytope, an affine hyperplane 
is needed. Let  v be a nonzero vector in  Rn, an affine hyperplane is defined 
by an equation of the form m . v = -a . Therefore, for every unmixed system 
of polynomial equations, there exists an associated Newton polytope Q 
defined by            
                        (5)
Thus, any Newton polytope Q in Rn with s number of edges can be defined 
by its facet inequalities given by 
                                   (6)
for some integers a1 ,..., as which are referred to as the data for Q. The inner 
normal v1 ,..., vs are called rays. The set of data and inner normal are unique 
for the facets . Hence the following definition are needed for homogenisation 
coordinate xa1 ,.., as.
Definition 2. [10] The	Q-homogenisation	map																							is	defined	by	
for i = 1,...,s .
Definition 3. [10] The homogeneous coordinate ring for  X = XA is the 
polynomial ring SX = K [y1 ,..., ys] such that the monomials are graded.
 
Let S be the polynomial ring, S = C[y1,...,ys]  with one variable for 
each ray in the fan     Q determining the toric variety XA .
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Where 21,RR and 3R  are the similar partitions of the fan constructed in Khetan [10]. In addition, 
Khetan’s formula of the Bèzout matrix is also considered and restated in the following theorem. 
 
Theorem 1. The Bèzout matrix is the matrix of the linear map   )2int(*: QQQ SS   defined by 
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 1 , ,1 ,10  , and F is the set of all triples    3,, AQ  satisfying (4).  
 
The bracket variables    in Theorem 1, are also known as the coefficients of the facet 
variables 54321 ,,,, yyyyy for the polynomial ring and the exponent vectors of the facet variables as 
follows, 
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From the formulation in Theorem 1, it will produce a homogeneous polynomial, and the 
bracket    is denoted as coefficients of facet variables syyy ,,, 21   while 0   is 
the formula to enumerate the exponents for each facet variable. Sum of the exponents must equal 
for each monomial of the homogeneous polynomials with bracket coefficients. Therefore, one can 
be written as follows, 
 
  0,   iiiiiiiQ a for si ,,1 . 
 
In the next definition is to define projective space. This space is very important for 
homogeneous polynomial system. 
 
Definition 1. [7] Given the set of n-dimensional projective space      ~/01  nn KKP ,	 where	
each nonzero   1n tuple,   10 ,,  nn Kxx   defines a point  Kp nP  and  nxx ,,0   is called 
the homogeneous coordinate of p.  
 
Geometrically the polynomial (1) can be viewed as the Newton t nQ R
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Where 21,RR and 3R  are the similar partitions of the fan constructed in Khetan [10]. In addition, 
Khetan’s formula of the Bèzout matrix is also considered and restated in the following theorem. 
 
Theorem 1. The Bèzout matrix is the matrix of the linear map   )2int(*: QQQ SS   defined by 
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 1 , ,1 ,10  , and F is the set of all triples    3,, AQ  satisfying (4).  
 
The bracket variables    in Theorem 1, are also known as the coefficients of the facet 
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be a nonzero vector in nR , an affine hyperplane is defined by an equation of the form am  . 
Therefore, for every unmixed system of polynomial equations, there exists an associated Newton 
polytope Q defined by  
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Let S be the polynomial ring,  syyS ,,1 C  with one variable for each ray in the fan 
Q determining the toric variety AX . 
  
Let nQ R  be the Newton polytope of dimension n, and let the support  NA  ,,1   
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



 N
n
AAX PC  is the dimension n variety 
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Let               be  the Newton polytope of dimension n, and let the 
support                            such that convex A equals Q. The toric variety   
               
                          is the dimension n variety defined as the Zariski closure 
of the set                                 that is the image of          where                        and
x = (x1,...,xn)            . Precisely the elements of         are described in the 
following,
 
For all facets, the set of cones       are generated by inner normals. 
Then                 is a face of Q } is the normal fan of Q. This gives a toric 
variety denoted XA .  Each vertex of the cones is spanned by the inner normal 
vi  corresponding to facets (edges for two dimension) which are incident to 
the vertex. The characterisation of the normal fan is stated in the following 
theorem.
Theorem 2. [4] The normal toric variety of a fan                 is projective if and 
only if            is the normal fan of an n-dimensional lattice polytope in R n.
Besides a complete characterisation of polytope Q in terms of the rays 
in its normal fan, Weil divisors are describing in the following proposition.
Proposition 3. [10] The vi 	are	in	one	to	one	correspondence	with	
the T-invariant prime Weil divisors on XA . Di denotes the divisor 
corresponding to vi .
A divisor D =                 determines a convex polytope of (6). The divisor 
is best described as a line bundle and a global section of that line bundle.
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For all facets, the set of cones   r  generated by i ner normals. Then 
 Q
Q
 of face a is |  is the normal fan of Q. This gives a toric variety denoted AX . Each vertex 
of the cones is spanned by the inner normal i  corresponding to facets (edges for two dimension) 
which are incident to the vertex. The characterization of the normal fan is stated in the following 
theorem. 
 
Theorem 2. [4] The normal toric variety of a fan Q R is projective if and only if  Q is the 
normal fan of an n-dimensional lattice polytope in nR . 
 
 Besides a complete characterisation of polytope Q in terms of the rays in its normal fan, 
Weil divisors are describing in the following proposition. 
 
Proposition 3. [10] The i  are	 in	one	 to	one	correspondence	with	 the	T-invariant prime Weil 
divisors on AX . Di denotes the divisor corresponding to i . 
 
 A divisor  iiDaD  determines a convex polytope of (6). The divisor is best described 
as a line bundle and a global section of that line bundle. 
 
 The following example is to show an edge and its inward normal of a Newton polytope in 
2R that defines a hyperplane am  , . 
 
Example 1. Consider a face of Newton polytope in 2R given in Figure 1. The edge AB joins the 
vertex  1 ,0A  and  2 ,1B , defines a hyperplane am  ,  where m is any point on AB and 
 1 ,1   is an inward normal to AB. 
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The following example is to show an edge and its inward normal of 
a Newton polytope in R2 that defines a hyperplane  
Example 1. Consider a face of Newton polytope in R2 given in Figure 1. 
The edge AB joins the vertex A (0,1)  and B (1, 2) , defines a hyperplane     
                    where m is any point on AB and v = (1, - 1) is an inward normal 
to AB.
 
 
                                    Figure 1: An edge an Inward normal
Since m lies on AB, m (x, x + 1). Therefore                                            = 
x - x - 1 = - 1.  Here a = 1. For instance,              is on AB giving                           . 
In addition, any point any point m’ in the shaded region satisfies the equation
ImPlemenTATIon oF The BèzouT BloCk
Considering (0,0) as an exponent vector (the constant term being non 
zero), a generalisation for the unmixed system worked by Khetan [10], we 
preserved the geometric structure, gives the system:
    
                       (7)
with i = 1,2,3, and A. {(0, 0), (h, 0), (0, k), (h, k), (2h, k), (h, 2k)} 
Geometrically, by Example 1, the Newton polytope for the unmixed 
polynomial system (7) can be illustrated as in Figure 2.
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For all facets, the set of cones   are generated by inner normals. Then 
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of the cones is spanned by the inner normal i  corresponding to facets (edges for two dimension) 
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nR is projective if and only if  Q is the 
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Figure 1: An Edge an Inward Normal 
 
 
Since m lies on AB,  1,  xxm . Therefore     111 ,1,1 ,,  xxxxm  . Here
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shaded region satisfies the equation 1,  m . 
 
Implementation Of The Bèzout Block 
 
Considering  0,0  as an exponent vector (the constant term being non zero), a 
generalisation for the unmixed system worked by Khetan [10], we preserved the geometric 
structure, gives the system: 
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Figure 2: Translated newton Polytope of System (7)
In this paper, the application of algebraic geometry is discussed with 
respect to the computation of all valid combinations of                  that satisfy 
the inequalities in 5-Rule (4) and to compute the respective degree of the 
facet variables defined by the polynomial equations (7).
The vertices of the Newton polytope Q shown in Figure 2 are sorted 
in counter clockwise, starting at the origin (0, 0) as a distinguish of point. 
The direction of sorting the vertices is fixed to obtain an appropriate pair 
of a vertex and its ray which gives the hyperplane data computation of the 
Newton polytope. The hyperplane data is written as  a1,..., as and is defined 
by the equation of hyperplane (5), so that DQ=       ai Di  is the corresponding 
divisor. These divisors are the elements of the vector space SQ.  
Suppose h	=	k	=	1	, the computation of the partition of the fan, R1, R2 
and R3 are derived as in Table 1. Thus, the sets of partition of the fans are   
                                                  Each vertex of the Newton polytope 
gives a two-dimensional cone in the normal fan where the rays, v is the 
generator of the cones. By gluing of cones, the resulting normal fan of the 
translated Newton polytope (Figure 2) is shown in Figure 3. This fan gives 
P4, such that all two-dimensional cones                                   are generated 
by the bases of  Z2. This implies that the affine toric varieties X     are copies 
of  C2. By gluing together five copies of C2, P4 is constructed. For simplicity, 
each ray is represented by numbers 1, 2, 3, 4, 5. Hence, the partitions of the 
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fan for the case h	=	k	=	1  is viewed in Figure 3 by applying the concept 
of cones and fan. 
Table 1: Partition of the Fan Ri 
Figure 3: The Fan of Figure 2 When h = k = l 
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bracket variables            (3) for the entries of the Bèzout block, we formulated 
the new conditions for 5-Rule, as follows:
The bracket variables are rejected if,
•                                                   and
• 
Applying those conditions in formula (4), the row elements are 
uniquely defined, and the algorithm terminates with the correct matrix 
dimension.
Based on the concepts of divisors and algebraic geometry, a systematic 
approach for homogenising the polynomial equations have been realised 
and designed. Therefore, by Definition 2, the homogeneous coordinate for 
each support of system (7) is constructed for the case h	=	k	=	1, 
row
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The bracket variables are rejected if, 
     or     or     and 
     Rule4Rule5   ,  ,   . 
 
Applying those conditions in formula (4), the row elements are uniquely defined, and the 
algorithm terminate  with the correct matrix dimension. 
 
Based on the concepts f divisors and lgebraic geometry, a systematic approach for 
homogenising the polyn mial equatio s have been re ised and designed. Therefore, by Definition 
2, the homogeneous coordinate for each support of system (7) is constructed for the case 1 kh
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1    1,3,1,0,00,0   
2    2,2,0,0,10,1   
3    0,2,2,1,01,0   
4    1,1,1,1,11 ,1   
5    2,0,0,1,21,2   
6    0,0,2,2,12,1   
 column 
 
These homogenisation coordinates are in  QS 2int  and index the rows of the hybrid resultant 
matrix. In (4), given that 23  , RjRk   and 1Ri . The bracket variables are constructed. Starting 
with the first exponent,  0,0  we have, 
 0,0  0    0    1   3    1 
                                   
           1  2  3  4  5  
 
Continuing 5-Rule process, the empirical results for the combinations   ,,  of all points 
in Q, are shown in Table 2. Definition 3 is used on the construction of the exponent vectors of the 
facet variables. The algorithm terminates with the correct matrix dimension and the computational 
cost is  3nO . 
 
Table 2: The combination γυ,μ,  for all Qα  when 1kh   
   51 ,,      ,,  
 0,0   0,0,1,3,1  0 
 1,0   1,0,0,2,2           1,6,5,1,4,5,1,3,5,1,6,2,1,4,2  
 0,1   0,1,2,2,0  0 
 1 ,1   1,1,1,1,1               3,6,5,3,6,2,3,4,5,3,4,2,1,6,5,1,6,4,1,6,2  
 1,2   2,0,0,1,2             4,6,5,2,6,5,6,4,2,4,3,5,1,6,5,3,5,2  
 2,1   0,0,2,2,1       3,6,5,3,6,4,3,6,2  
1 (1, )        (1, , 0, 2, 2)
2 (1, 0)        ( , 0, 0, 2, 2)
3 (0, 1)        (0, 1, 2, 2, 0)
4 (0, 1)        (1, 1, 1, 1, 1)
5 (2, 1)        (2, 1, 0, 0, 2)
6 (1, 2)        (1, 2, 2, 0, 0)
column
These homogenisation coordinates are in               and index the rows 
of the hybrid resultant matrix. In (4), given that k					R
3
,	j					R
2
 and  i					R1. 
The bracket variables are constructed. Starting with the first exponent, (0, 
0)  we have, 
      (0, 0)                   
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in Q, are shown in Table 2. Definition 3 is used on the construction of the exponent vectors of the 
face variables. The algorithm terminates with the correct matrix dimension and the computational 
cost is  3nO . 
 
Table 2: The combination γυ,μ,  for all Qα when 1kh   
   51,      ,,  
 0,0   0,0,1,3,1  0 
 1,0   1,0,0,2,2           1,6,5,1,4,5,1,3,5,1,6,2,1,4,2  
 0,1   0,1,2,2,0  0 
 1 ,1   1,1,1,1,1               3,6,5,36,2,34,5,3,4,2,1,6,5,1,6,4,1,6,2  
 1,2   2,0,0,1,2             4,6,5,2,6,5,6,4,2,4,3,5,1,6,5,3,5,2  
 2,1   0,0,2,2,1       3,6,5,3,6,4,3,6,2  
9 
 
The bracket variables are r jected if, 
     or     or     and 
     Rule4Rule5   ,  ,   . 
 
Applyi g those conditi ns in formula (4), the row elements are uniquely d fined, and the 
algorithm t rminates with the correct matrix dimension. 
 
Based on the concepts of divisors and algebraic geometry, a systematic approach for 
homogenising the polynomial equations have been realised and designed. Therefore, by Definition 
2, the homogeneous coordinate for each support of system (7) is constructed for the case 1 kh
, 
 
row  i  
1    1,3,1,0,00,0  
2    2,2,0,0,10,1  
3    0,2,2,1,01,0  
4    1,1,1,1,11 ,1  
5    2,0,0,1,21,2   
6    0,0,2,,12,1   
 column 
 
These homogenisation coordinates are in  QS 2int  and index the rows of the hybrid resultant 
matrix. In (4), given that 23  , RjRk   and 1Ri . The bracket variables are constructed. Starting 
with the first exponent,  0,0  we have, 
 0,0 0   0   1   3    1 
                                  
          1  2 3  4  5  
 
Continuing 5-Rule proc ss, the emp rical results for the combi ations   ,,  of all poi ts
in Q, are shown in Table 2. Definition 3 is used on the construction of the exponent vectors of the 
facet variables. The algorithm terminates with the correct matrix dimension and the computational 
cost is  3nO . 
 
Table 2: The combination γυ,μ,  for all Qα  when 1kh   
   51 ,,      ,,  
 0,0   0,0,1,3,1  0 
 1,0   1,0,0,2,2           1,6,5,1,4,5,1,3,5,1,6,2,1,4,2  
 0,1   0,1,2,2,0  0 
 1 ,1   1,1,1,1,1               3,6,5,3,6,2,3,4,5,3,4,2,1,6,5,1,6,4,1,6,2  
 1,2   2,0,0,1,2             4,6,5,2,6,5,6,4,2,4,3,5,1,6,5,3,5,2  
 2,1   0,0,2,2,1       3,6,5,3,6,4,3,6,2  
9 
 
The bracket variables are rejected if, 
     or     or     and 
     Rule4Rule5   ,  ,   . 
 
Ap lying those conditions in formul  (4), he row elemen s are uniquely defined, and the 
algorithm terminat s with the cor ect matrix dimension. 
 
Based on the concepts of divi rs and algebraic geometry, a syst tic ap roach for 
homogenising the p lynomial equations have be  realised and designed. Therefore, by Definition 
2, the homogeneous co rdinate for each sup ort of system (7) is constructed for the case 1 kh
, 
 
row  i   
1    1,3,1,000,0 
2   2,2,0,0,1,1 
3 021,01,0
4 1, ,1,1,1 ,1
5 200,2,2
6 022,12,1
 column 
 
These homogenisation co rdinates are in  QS 2int  and index the rows of the hybrid resultant 
matrix. In (4), giv n that 23  , RjRk   a d 1Ri . The bracket variables are constructe . Starting 
with the first exponent,  0,0  we have, 
 0,0  0    0    1   3    1 
                            
           1  2  3  4  5  
Continuing 5-Rule proces , the empirical results for the combinations   ,,  of all points 
in Q, are shown in Table 2. Definition 3 is used on the constructi n of the exponent vectors of the
facet variables. The algorithm terminates with the cor ect matrix dimension and the computational 
cost is  3nO . 
 
Tab e 2: The co bination γυ,μ,  for all Qα  wh  1kh   
   51 ,,      ,,  
 0,0  0,0,1,3,1  0 
1, 1, ,0,2,2           1,6,5,1,4,5,1,3,5,1,6,2,1,4,2  
0,1 0, ,2, ,0  0 
 ,1 1, ,1,1,1               3,6,5,3,6,2,3,4,5,3,4,2,1,6,5,1,6,4,1,6,2  
,2 2,0,0,2       4,6,5,2,6,5,6,4,2,435,35  
2,1 022,1   3,6,,346  
9 
 
The bracke  variables are rejected if, 
     or     or     and 
     Rule4Rule5   ,  ,   . 
 
Applying thos  conditions in formula (4), the row elements are uniquely de ined, and the 
algorithm terminates with the correct matrix dimension. 
 
Ba ed on the c ncepts of divisors and algebraic geometry, a systematic approach for 
homogenising the polynomial quations have been realised and designed. Therefore, by Definition 
2, the homogeneous coordinate for each support of system (7) is constructed for the case 1 kh
, 
 
row  i   
1   1,3,1,0,0,0  
2 2,,0,0,10,1  
3    0,2,2,,0,0  
4 1, ,1,1,1 ,1  
5 2,,0,1,21,2
6    0,0,2,2,12,1   
 column 
 
These homogenisation coordinates are in  QS 2int  and index the rows of the hybrid resultant 
matrix. In (4), given that 23  , RjRk   and 1Ri . The bracket variables are constructed. Starting 
with the first exponent,  0,0  we have, 
 0,0 0  0   1  3   1
                   
         1  2  3  4  5
 
Continuing 5-Rule process, the empirical results for the c mbinations   ,,  of all points
in Q, are shown in Table 2. D finit on 3 is used on the onstruction of the exponent vectors of the 
facet variables. The algorithm ter inates with the correct matrix dimension and the computational 
cost is  3nO . 
 
Table 2: The combination γυ,μ,  for all Qα  when 1kh   
   51 ,,      ,,  
,0  0, ,1,3,1  0 
1,0  1,0,0, ,2           1,6,5,1,4,5,1,3,5,1,6,2,1,4,2  
0,  0, ,2,2,0  0 
 ,1  1, ,1,1,1          3,6,5,3,6,2,3,4,5,3,4,2,1,6,,,,4,1,6,  
 1,2   2,,0,1,2             4,6,5,2,6,5,6,4,2,4,3,,1,,5,,5,  
 2,1   0,0,2,2,1       3,6,5,3,6,4,3,6,2  
9 
 
The b acket var ables are jected if,
     or     or     and 
     R le4Rule5   ,  ,   . 
 
Applying those conditions in formula (4), the row elements are uniquely defined, and the 
algorithm terminates with the correct matrix dimension. 
 
Ba ed on the c ncepts of divisors and algebraic geometry, a systematic approach for 
homogenising the polynomial quations have been realised and designed. Therefore, by Definition 
2, the homogeneous coordinate for each support of system (7) is constructed for the case 1 kh
, 
 
row  i   
1    1,3,1,0,0,0   
2 2,,0,0,10,1   
3    0,2,2,1,01,0  
4    1, ,1,1,1 ,1
5 2,,0,1,21,2  
6    0,0,2,2,12,1   
 column 
 
These homogenisation coordinates are in  QS 2int  and index the rows of the hybrid resultant 
matrix. In (4), given that 23  , RjRk   and 1Ri . The bracket variables are constructed. Starting 
with the first exponent,  0,0  w  have,
 0,0  0 0 1  3   1
                        
       1  2 3  4  5  
Continuing 5-Rule proc ss, the emp rical results for the c mbi ations   ,,  of all poi ts
in Q, are shown in Table 2. D finit on 3 is used on the onstruction of the exponent vectors of the 
facet variables. The algorithm terminates with the correct matrix dimension and the computational 
cost is  3nO . 
 
Table 2: The combination γυ,μ,  for all Qα  when 1kh   
   51 ,,      ,,  
 ,0  0, ,1,3,1  0 
1,0   1,0,0, ,2           1,6,5,1,4,5,1,3,5,1,6,2,1,4,2  
 0,1   0,1,2,2,0  0 
 ,1  1, ,1,1,1          3,6,5,3,6,2,3,4,5,3,4,2,1,6,5,,6,4,1,6,2  
 1,2   2,,0,1,2             4,6,5,2,6,5,6,4,2,4,3,,1,,5,,5,  
 2,1   0,0,2,2,1       3,6,5,3,6,4,3,6,2  
9 
 
The bracket variabl s are rejected if, 
     or     or     and 
     Rul 4Rule5   ,  ,   . 
 
Applying those conditions in formul  (4), the row lements are uniquely defined, and the 
algorit m terminates with the correct matr x dimension. 
 
Ba ed on the c ncepts of divisors and algebraic geometry, a systematic approach for
homogenising the polynomial quations have been realised and designed. Therefore, by Definition 
2, the homogeneous coordinate for each support of system (7) is constructed for the case 1 kh
, 
 
row  i  
1    1,3,1,0,0,0  
2   2,2,0,0,1,1
3 021,01,
4 , ,1,1,1 ,
5 200,2,2
6 022,2,
 column 
 
These homogenisation coordinates are in  QS 2int  and index the rows of the hybrid resultant 
matrix. In (4), given that 23  , RjRk   and 1Ri . The bracket variables are constructe . Starting 
with the first exponent,  0,0  we have,
 0,0 0   0   1   3    1 
                   
          1  2 3  4  5  
Continuing 5-Rule proc ss, the emp rical results for the c mbi ati s   ,,  f all poi ts
in Q, are shown in Table 2. Definit on 3 is used on the onstructi n of the exponent vectors of the
facet variables. The algorithm t rminates with the correct matrix dime sion and the computatio al 
cost is  3nO . 
 
Tab e 2: The co bination γυ,μ,  for all Qα  wh  1kh   
   51 ,,      ,,  
 0,0  0,0,1,3,1  0 
1, 1, ,0,2,2           1,6,5,1,4,5,1,3,5,1,6,2,1,4,2  
,1 , ,2, ,0   
 , , ,1,1,1        3,6,5,3,6,2,3,4,,3,,2,,6,,,,4,,6,  
,2 2,0,0,2       4,6,5,2,6,5,6,4,2,435,35  
2, 022,   3,6,,3  
9 
 
The bracket variables are rejected if, 
     or     or     and 
     Rule4Rule5   ,  ,   . 
 
Applying those conditions in formula (4), the row elements are uniquely defined, and the 
algorithm terminates with the correct atrix dimension. 
 
Based on the concepts of divisors and algebraic geometry, a systematic approach for 
homogenising the polynomial equations have been realised and designed. Therefore, by Definition 
2, the homogene us co rdinate for each support of system (7) is constructed for the case 1 kh
, 
 
row  i   
1    1,3,1,0,00,0   
2    2,2,0,0,10,1   
3    0,2,2,1,0,0   
4    1,1,1,1,11 ,1   
5    2,0,0,1,21,2   
6    0,0,2,2,12,1   
 column 
 
These omogenisation coordinates are in  QS 2int  and index the rows of the hybrid resultant 
matrix. In (4), given that 23  , RjRk   and 1Ri . The bracket variables are constructed. Starting 
with the first exponent,  ,0  we have, 
 0,0  0    0    1 3   1 
                       
         1  2  3  4  5  
 
Continuing 5-Rule process, the empirical results for the combinations   ,,  of all points 
in Q, are shown in Table 2. Definition 3 is used on the constructi n of the exponent vectors of the 
facet variables. The algorithm terminates wit  the correct matrix dimension and the computational 
cost is  3nO . 
 
Table 2: The combination γυ,μ,  for all Qα  when 1kh   
   51 ,,      ,,  
 0,0   0,0,1,3,1  0 
1,0   1,0,0,2,2           1,6,5,1,4,5,1,3,5,1,6,2,1,4,2  
1   0,1,2,2,0  0 
 ,   1,1,1,1 1               3,6,5,3,6,2,34,5,34,2,1,6,5,16,41,62  
   2,0,0,1,2             4,6,5,2,6,5,6,4,2,4,35,1,6,5,3,5,2  
   0,0,2,2,1       3,6,53,6436,2  9 
 
The bracket variables are rejected if, 
     or     or     and 
     Rule4Rule5   ,  ,   . 
 
Applying thos  co ditions in formula (4), the row elements are uniquely defined, and the 
algorithm t rmi ates with th  correct matrix dimension. 
 
Based on the concepts of divisors and algebraic geometry, a systematic approach for 
homogenising the polynomial equations have been realised and designed. Therefore, by Definition 
2, the homogen ous coordinat  for each supp rt of system (7) is constructed for the case 1 kh
, 
 
row  i   
1    1,3,1,0,00,0   
2    2,2,0,0,10,1   
3    0,2,2,1,01,0   
4    1,1,1,1,11 ,1   
5    2,0,0,1,21,2   
6    0,0,2,2,12,1   
 column 
 
These homogenisation coordinates are in  QS 2int  and index the rows of the hybrid resultant 
matrix. In (4), given that 23  , Rjk   and 1Ri . The bracket variables are constructed. Starting 
with the first exponent,  0,0  we have, 
 0,0  0    0    1   3    1 
                                  
           1  2  3  4  5  
Continuing 5-Rul  process, the empirical results for the combinations   ,,  of all points 
in Q, are s own in T ble 2. Definiti n 3 is used on the construction of the exponent vectors of the 
fac t va iables. The alg rithm t rmina e  with the correct matrix dimension and the computational 
cost is  3nO .
 
Table 2: The combinati n γυ,μ,  for all Qα  when 1kh   
   51 ,,      ,,  
 0,0   0,0,1,3,1  0 
 1,0   1,0,0,2,2           1,6,5,1,4,5,1,3,5,1,6,2,1,4,2  
 0,1   0,1,2,2,0  0 
 1 ,1   1,1,1,1,1               3,6,5,3,6,2,3,4,5,3,4,2,1,6,5,1,6,4,1,6,2  
 1,2   2,0,0,1,2             4,6,5,2,6,5,6,4,2,4,3,5,1,6,5,3,5,2  
 ,1   0,0,2,2,1       3,6,5,3,6,4,3,6,2  
9 
 
The bracket variabl s are rejected if, 
     or     or     and 
     Rule4Rule5   ,  ,   . 
 
Apply g those condi io s in for ula (4), the r w elements are uniqu ly defined, and the
algorith  termin s with th  corr ct ma r x dimension. 
 
Based on the concepts of divis rs and algebraic geometry, a systematic approach for 
homogeni ing the polynom al quati ns hav  been realised and designed. Therefore, by Definition 
2, he homogen ous coor i at  for a h support of s stem (7) is c n tructed for the case 1 kh
, 
 
row  i   
1    1,3,,0,00,0   
2    2,2,0,0,10,1   
3    0,2,2,1,01,0   
4    1,1,1,1,11 ,1   
5    2,0,0,1,21,2   
6    0,0,2,2,12,1   
 column 
 
These homogenisation coordinate  are in  QS 2int  and index the rows of the hybrid resultant 
matrix. In (4), given that 23  , j  and 1i . The bracket variabl s are constructed. Starting 
with the first exponent,  0,0  we h v , 
 0,0  0    0    1   3    1 
                          
        1  2  3  4 5  
 
Continuing 5-Rule process, the empirical esults for the combinations   ,,  of all points 
in Q  are shown in Table 2. D fin tio  3 is used o  he con truction of the exponent vec ors of the 
facet variables. The alg rithm ter in tes with th  correct matrix dimension and the computational 
cost is  3nO . 
 
Table 2: The co binatio  γυμ,  f r ll Qα  when 1kh   
   51 ,,      ,,  
 0,0   0,0,1,3,1  0 
 1,0   1,0,0,2,2           165,14,5,1,3,5,162,,4,2  
 0,1   0,1,2,2,0  0 
 1 ,1   1,1,1,1,1               3,6,5,3,6,23,4,5,34,2,1,6,5,1,64,,6,2  
 1,2   2,0,0,1,2            4,6,5,2,6,56,4,24,3,5,1,65,3,5,2  
 2,1   0,0,2,2,1      3,6,5,364,3,,2  
9 
 
The bracket variables are rejected if, 
     or   and 
     Rule4Rule5  ,  ,   . 
 
Applying those conditions in formula (4), th  row elem nts are uniquely efi ed, and the 
algorit t t s ith the rect matrix dimension. 
 
Based on the concepts of divisors and lgebraic geometr , a systematic appr ch for 
h mogenisi g th  polynomial equations have been re lised and de ign d. Therefore, by Definition 
2, th  hom g ne us c ordinat  f r each support of sys em (7) is constructed for the case 1 kh
, 
 
row  i  
1    1,31,0,00,0   
2    2,20,0,10,1   
3    0,2,2,1,1,0   
4    1,1, , ,11 ,1   
5    2,0,0,1,1,2   
6    0,02,2,12,1   
 column 
 
These homog isation coordinates are in  QS 2int a d index the rows of the hybrid resultant 
matrix. In (4), give that 23 , Rjk   and 1i . The bracket variables are constructed. Starting 
with th  firs  xponent,  0,0  we have, 
 0,0 0  0  1  3    1
                        
        1  2 3  4  5  
 
Continuing 5-Rul  proc ss, the empirical r sults for the combinations   ,,  f all points 
in Q, are shown in Table 2. Definition 3 is used on the construction of the exponent vect rs of the 
facet v riables. The lgor thm ter inates wi h the correct matrix dimension and the compu ational 
cost is  3nO .
 
Tabl 2: The combination γυ,μ, for all Qα when 1kh   
   51 ,,     ,,  
 ,0   0,0,1,3,1   
 1,0   1,0,0,2,2     16,5,4,3,,,624  
 0,1   0,1,2,2,0  0 
  ,1   ,1,1,1,1   3,6,524,52,1,65,,,42  
 1,2   ,0,0,1,     4,6,5,,,,6,4,2,43,5,1,6,,352  
 ,1   0,0,2,2,1   3,6,54  
9 
 
The bracket variables are rejected if, 
     or     or     and 
     Rule4Rule5  ,  ,   .
 
Applying those conditions in formula (4), the row elements are uniquely defined, and the 
algorithm terminates with the correct matrix dimension. 
 
Based on the concepts of divisors and algebraic geometry, a systematic pproach for 
homogenising t e p lynomial equatio s have been realised and designed. Ther fore, by Definition 
2, the homogeneous co rdinat  for each support of syste  (7) is co structed for the cas 1 kh
, 
 
row  i   
1    1,3,1,0,00,0   
2    2,2,0,0,10,1   
3    02,2,1,01,0   
4    1,1,1,1,11 ,1   
5    2,0,0,1,21,2   
6    0,0,2,2,12,1   
 column 
 
These homogenisation c ordin tes are in  QS 2int  and index the rows of the hybrid r sultant 
matrix. In (4), given that 23  , RjRk   and 1Ri . The bracket variables are constructed. Starting 
with the first exponent,  0,0  we have, 
 0,0 0   0    1   3   1 
                              
        1 2 3  4  5  
 
Continuing 5-R le process, th  empirical resu t  f r th  combi a s   ,,  of all p nts 
in Q, are shown in T ble 2. Definiti n 3 is us d on the construction of the exp nent vectors f the 
facet variables. The algorithm terminates with the correct matrix dimensi  and the computational 
cost is  3nO . 
 
Table 2: The combination γυ,μ,  for all Qα  when 1kh   
   51 ,,      ,,  
 0,0  0,0,1,3,1  0 
 1,0  1,0,0,2,2          1,6,5,1,4,5,1,3,5,1,6,2,1,4,2  
 0,1   0,1,2,2,0  0 
 1 ,1   1,1,1,1,1               3,6,5,3,6,2,3,4,5,3,4,2,1,6,5,1,6,4,1,6,2  
 1,2   2,0,0,1,2             4,6,5,2,6,5,6,4,2,4,3,5,1,6,5,3,5,2  
 2,1   0,0,2,2,1       3,6,5,3,6,4,3,6,2  
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Continuing 5-Rule process, the empirical results for the combinations 
    of all points in Q, are shown in Table 2. Definition 3 is used on the 
construction of the exponent vectors of the facet variables. The algorithm 
terminates with the correct matrix dimension and the computational cost is
Table 2: The Combination             for all             when h = k = 1  
(0, 0) (0, 0, 1, 3, 1) 0
(1, 0) (1, 0, 0, 2, 2) (2, 4, 1), (2,6,1), (5, 3, 1), (5, 4, 1), (5, 6, 1)
(0, 1) (0, 1, 2, 2, 0) 0
(1, 1) (1, 1, 1, 1, 1) (2,6,1), (4,6,1), (5,6,1), (2,4,3), (5,4,3), (2,6,3), 
(5,6,3)
(2, 1) (2, 1, 0, 0, 2) (2,5,3), (5,6,1) (5,3,4) (2,4,6), (5,6,2), (5,6,4)
(1, 2) (1, 2, 2, 0, 0) (2,6,3), (4,6,3), (5,6,3)
 
mAIn ReSulTS
The results on the implementations of the hybrid Sylvester-Bèzout resultant 
matrix are generalised. The main theorem that established the conditions that 
can give a determinantal hybrid resultant formula for the class of unmixed 
bivariate polynomial systems is derived and proven.
Let r, t be non-negative integers and h, k be positive integers. Consider 
the unmixed polynomial system of three equations in two variables of the 
form,
 fi =Ci1 x
r yt + Ci2 x 
r+h yt + C
i3
 xr yt+k + Ci4 x
r+h yt+k + Ci5 x
r+2h yt+k       (8)
+ Ci6 xr+h yt+2k	,                  
with i = 1,2,3 and the support of the system is 
A = {(r,t),(r+h,t),(r,t+k),(r+h,t+k),(r+2h,t+k),(r+h,t+2k)}.
9 
 
The bracket variables are rejected if, 
     or     or     and 
     Rule4Rule5   ,  ,   . 
 
Applying those conditions in formula (4), the row elements are uniquely defined, and the 
algorithm terminates with the correct matrix dimension. 
 
Based on the concepts of divisors and algebraic geometry, a systematic approach for 
homogenising the polynomial equations have been realised and designed. Therefore, by Definition 
2, the homogeneous coordinate for each support of system (7) is constructed for the case 1 kh
, 
 
row  i   
1    1,3,1,0,00,0   
2    2,2,0,0,10,1   
3    0,2,2,1,01,0   
4    1,1,1,1,11 ,1   
5    2,0,0,1,21,2   
6    0,0,2,2,12,1   
 column 
 
These homogenisation coordinates are in  QS 2int  and index the rows of the hybrid resultant 
matrix. In (4), given that 23  , RjRk   and 1Ri . The bracket variables are constructed. Starting 
with the first exponent,  0,0  we have, 
 0,0  0    0    1   3    1 
                                   
           1  2  3  4  5  
 
Continuing 5-Rule process, the empirical results for the combinations   ,,  ll points 
in Q, are shown in Table 2. Definition 3 is used on the construction of the exponent vect rs f t  
facet variables. The algorithm terminates with the correct matrix dimension and the computa ional
cost is  3nO . 
 
Table 2: The combination γυ,μ,  for all Qα  when 1kh   
   51 ,,      ,,  
 0,0   0,0,1,3,1  0 
 1,0   1,0,0,2,2           1,6,5,1,4,5,1,3,5,1,6,2,1,4,2  
 0,1   0,1,2,2,0  0 
 1 ,1   1,1,1,1,1               3,6,5,3,6,2,3,4,5,3,4,2,1,6,5,1,6,4,1,6,2  
 1,2   2,0,0,1,2             4,6,5,2,6,5,6,4,2,4,3,5,1,6,5,3,5,2  
 2,1   0,0,2,2,1       3,6,5,3,6,4,3,6,2  9 
 
The bracket variables are rejected if, 
     or     or     and 
     Rule4Rule5   ,  ,   . 
 
Applying those conditions in formula (4), the row elements are uniquely defined, and the 
algorithm terminates with the correct matrix dimension. 
 
Based on the concepts of divisors and algebraic geometry, a systematic approach for 
homogenising the polynomial equations have been realised and designed. Therefore, by Definition 
2, the homogeneous coordinate for each support of system (7) is constructed for the case 1 kh
, 
 
row  i   
1    1,3,1,0,00,0   
2    2,2,0,0,10,1   
3    0,2,2,1,01,0   
4    1,1,1,1,11 ,1   
5    2,0,0,1,21,2   
6    0,0,2,2,12,1   
 column 
 
These homogenisation coordinates are in  QS 2int  and index the rows of the hybrid resultant 
matrix. In (4), given that 23  , RjRk   and 1Ri . The bracket variables are constructed. Starting 
with the first exponent,  0,0  we have, 
 0,0  0    0    1   3    1 
                                   
           1  2  3  4  5  
 
Continuing 5-Rule process, the empirical results for the combinations   ,,  of all points 
in Q, are shown in Table 2. Definition 3 is used on the construction of the exponent vectors of the 
facet variables. The algorithm terminates with the correct matrix dimension and the computational 
cost is  3nO . 
 
Table 2: The combination γυ,μ,  for all Qα  when 1kh   
   51 ,,      ,,  
 0,0   0,0,1,3,1  0 
 1,0   1,0,0,2,2           1,6,5,1,4,5,1,3,5,1,6,2,1,4,2  
 0,1   0,1,2,2,0  0 
 1 ,1   1,1,1,1,1               3,6,5,3,6,2,3,4,5,3,4,2,1,6,5,1,6,4,1,6,2  
 1,2   2,0,0,1,2             4,6,5,2,6,5,6,4,2,4,3,5,1,6,5,3,5,2  
 2,   0,0,2,2,1       3,6,5,3,6,4,3,6,2  
9 
 
The bracket variables are rejected if, 
     or     or     and 
     Rule4Rule5   ,  ,   . 
 
Applying those conditions in formula (4), the row elements are uniquely defined, and the 
algorithm terminates with the correct matrix dimension. 
 
Based on the concepts of divisors and algebraic geometry, a systematic approach for 
homogenising the polynomial equations have been realised and designed. Therefore, by Definition 
2, the homogeneous coordinate for each support of system (7) is constructed for the case 1 kh
, 
 
row  i   
1    1,3,1,0,00,0   
2    2,2,0,0,10,1   
3    0,2,2,1,01,0   
4    1,1,1,1,11 ,1   
5    2,0,0,1,21,2   
6    0,0,2,2,12,1   
 column 
 
These homogenisation coordinates are in  QS 2int  and index the rows of the hybrid resultant 
matrix. In (4), given that 23  , RjRk   and 1Ri . The bracket variables are constructed. Starting 
with the first exponent,  0,0  we have, 
 0,0  0    0    1   3    1 
                                   
           1  2  3  4  5  
 
Continuing 5-Rule process, the empirical results for the combinations   ,,  of all points 
in Q, are shown in Table 2. Definition 3 is used on the construction of the exponent vectors of the 
facet variables. The algorithm terminates with the correct matrix dimension and the computational 
cost is  3nO . 
 
Table 2: The combination γυ,μ, r all Qα  w en 1kh   
   51 ,,      ,,  
 0,0   ,0,1,3,1  0
 1,0   1,0,0,2,2           1,6,,,4,5,,3,5,,6,2,1,4,2  
 0,1   0,1,2,2,0  0 
 1 ,1   1,1,1,1,1               3,6,5,3,6,2,3,4,5,3,4,2,1,6,5,1,6,4,1,6,2  
 1,2   2,0,0,1,2             4,6,5,2,6,5,6,4,2,4,3,5,1,6,5,3,5,2  
 2,1   0,0,2,2,1       3,6,5,3,6,4,3,6,2  
9 
 
The bracket variables are rejected if, 
     or     or     and 
     Rule4Rule5   ,  ,   . 
 
Applying those conditions in formula (4), the row elements are uniquely defined, and the 
algorithm terminates with the correct matrix dimension. 
 
Based on the concepts of divisors and algebraic geometry, a systematic approach for 
homogenising the polynomial equations have been realised and designed. Therefore, by Definition 
2, the homogeneous coordinate for each support of system (7) is constructed for the case 1 kh
, 
 
row i   
1    1,31,0,00,0   
2    2,2,0,0,1,1   
3    0,2,2,1,01,0   
4    1,1,1,1,11 ,1   
5    2,0,0,1,21,2   
6    0,0,2,2,12,1   
 column 
 
These homogenisation coordinates are in  QS 2int  and index the rows of the hybrid resultant 
matrix. In (4), given that 23  , RjRk   and 1Ri . The bracket variables are constructed. Starting 
with the first exponent,  0,0  we have, 
 0,0  0    0    1   3    1 
                                   
           1  2  3  4  5  
 
Continuing 5-Rule process, the empirical results for the combinations   ,,  of all points 
in Q, are shown in Table 2. Definition 3 is used on the construction of the exponent vectors of the 
facet variables. h  algorith  ter inat s with the correct matrix dimension and the computational 
cost is  3nO . 
 
 : he combination γυ,μ, for al  Qα hen 1kh   
  51 ,,     ,,  
 0,0   0, ,1,3,1  0 
 1,0   1,0,0,2,2          1,6,5,1,4,5,1,3,5,1,6,2,1,4,  
 0,1   0,1,2,2,  0 
 1 ,1   1,1,1,1,               3,6,5,3,6,2,3,4,5,3,4,2,1,,,1,6,4,1,6,2  
 1,2   2,0,0,1,2             4,6,5,2,6,5,6,4,2,4,3,5,1,6,5,3,5,2  
 2,1   0,0,2,2,1       3,6,5,3,6,4,3,6,2  
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The bracket variables are rejected if, 
     or     or     and 
     Rule4Rule5   ,  ,   . 
 
Applying those conditions in formula (4), the row elements are uniquely defined, and the 
algorithm terminates with the correct matrix dimension. 
 
Based on the concepts of divisors and algebraic geometry, a systematic approach for 
homogenising the polynomial equations have been realised and designed. Therefore, by Definition 
2, the homogeneous coordinate for each support of system (7) is constructed for the case 1 kh
, 
 
row  i   
1    1,3,1,0,00,0   
2    2,2,0,0,10,1   
3    0,2,2,1,01,0 
4    1,1,1,1,11 ,1   
5    2,0,0,1,21,   
6    0,0,2,2,12,1   
 column 
 
These homogenisation coordinates are in  QS 2int  and index the rows of the hybrid resultant 
matrix. In (4), given that 23  , RjRk   and 1Ri . The bracket variables are constructed. Starting 
with the first exponent,  0,0  we have, 
 0,0  0    0    1   3    1 
                                   
           1  2  3  4  5  
 
Continuing 5-Rule process, the empirical results for the combinations   ,,  of all points 
in Q, are shown i  Table 2. Definiti  3 is used on  construction of the exponent vectors of the 
facet variabl s. T algori hm t rminat  ith the correct matrix dimensi n and the computational 
cost is  3nO . 
 
Table 2: The combinati  γυ,μ,  for all α  h  1k   
   51 ,,     ,,
 0,0   0,0,1,3,1  0 
 1,0   1,0,0, ,2          ,,4,5,1,3,5,1,6,2,1,4,2
 0,1   0,1,2,2,0   
 1 ,1   1,1,1,1,               3,6,5,3,6,23,4,5,34,2,16,5,16,4,1,,  
 1,2   2,0,0,1,2             4,6,5,2,6,5,6,4,2,4,3,5,1,6,5,3,5,2  
 2,1   0,0,2,2,1       3,6,5,3,6,4,3,6,2  
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The bracket vari bles are rej cted if, 
     or     or     and 
     Rule4Rule5   ,  ,   . 
 
Applying those c ditio s in formula (4), the row el ments are uniquely efi ed, and the 
algorithm termina es with th  correct matrix d mension. 
 
Based on the concepts of divisors and lgebraic geometr , a systematic pproach for 
h moge ising the polynomi l equations hav  been re lise  and design d. Th refore, by Definition 
2, t e h m geneous coordinate for each supp rt of system (7) is constructed for the case 1kh
, 
 
row  i   
1    1,3,,0,0,0 
2    2,2,,0,10,1   
3    0,2,2,,01,0   
4    , , ,1,11 ,1   
5    2,0,0,1,21,2   
6    0,0,2,2,12,1   
 column 
 
These h mogenisation coordinates are in  QS 2int  and index the rows of t e hybrid resultant 
matrix. In (4), given that 23  , RjRk   and 1Ri . The bracket vari bles are construc ed. Starting 
with the first xponent,  0,0  we have, 
 0,  0   0   1  3    1 
                                   
          1  2  3  4  5  
 
Co ti uing 5-Rul  proc ss, the empirical resul s for the combinations   ,,  of all points 
in Q, are shown in Tabl  2. Definition 3 is used on the constructi n of the xponent vectors of the 
f cet variabl s. The algorit  te mina es with th  correc  matrix d me sio  and the computational 
cost is  3nO . 
 
Tabl : The combination γυ,μ, for all Qα  when 1kh   
   51 ,,      ,,  
 0,0   0, , ,3,1  0 
 1,0   1,0, ,2,2        16,5,,4,,,3,,,6,2,1,4,2  
 0,1   0,1,2, , 0 
 1 ,1   , , ,1               3,6,5,,,2,3,4,5,3,4,2,1,6,5,,4,16,2  
 1,2   2,0,0,1,             4,6,5,2,6,5,6,4,2,4,3,5,1,6,,3,5,2  
 2,1   0,0,2,2,1       3,6,5,3,6,4,3,6,2  
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The bracket variables are rejected if, 
     r     or     and 
     Rule4Rule5   ,  ,   . 
 
Applying those c ndition  in formula (4), the row elements are uniquely defined, and the 
algori m terminates with the correct matrix dimension. 
 
Base  o  the concepts of divisors and algebraic geometry, a systematic approach for 
ho ogenising the polynomial equations have been realised and designed. Therefore, by Definition 
2, the homogeneous co r inate for each support of sys em (7) is constructe for the case 1 kh
, 
 
row  i   
1   1,3,1,   
2   2,2,0,0,10,1   
3   0,2,2,1,01,0   
4    1,1,1,1,11 ,1   
5    2,0,0,1,21,2   
6    0,0,2,2,12,1   
 column 
 
These omogenisation coordinates are i   QS 2int  and index the rows of the hybrid resultant 
matri . In (4), given that 23  , RjRk   and 1Ri . The bracket variables are constructed. Starting 
with the first exponent,  0,0  we have, 
 0,0 0  0   1   3   1 
                               
           1  2  3  4  5  
 
Continuing 5-Rule process, the empirical r sults for the combinations   ,,  of all points 
in Q, are shown i able 2. Defi ition 3 is us d on the construction of the exponent vectors of the 
facet variables. The algorithm terminates with the correct matrix dimension and the computational 
cost is  3nO . 
 
Table 2: The combination γυ,μ,  for all Qα  when 1kh   
   51 ,,      ,,  
 0,0   0 0, ,1  
 ,   1 , ,2           ,6,5,,4,,1,3,51,6,21,2  
   0,1, ,0   
,   1,1,1 ,1        36,,4,521,6,5,1,6,4,1,,2  
   2,0,,1,2         ,,,,6,,642435,1,6,5,3,5,2
 ,   0,,2,,1       3,6,5,3,6,4,3,6,2  
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If  h = k, the system (8) whose support is reduced to
A = {(r,t), (r+h,t),(r,t+k),(r,+2h,t+k),(r+h,t+2k)}.
Observing the results of the implementation gives the following theorem.
Theorem 4. Let r, t    0, where	r, t    Z and let h     Z+  . Let  f1,   f2,  and  f	3 be an 
unmixed	polynomial	system	with	support		A	=	{(r,t),(r + h,t), (r,t + h), (r + 
h,t + h), (r + 2h,t + h), (r + h,t + 2h)}. For each i = 1,...,6 the homogeneous 
coordinate of  ei  	for	r	=	t	=	0	equals	the	homogeneous	coordinate	of	ei  for 
any	r	>	0	or	t	>	0.	
Proof. The Newton polytope of A and the respective normal vector vi is 
shown in Fig. 2 where v1 = (1,0), v2 = (0,1), v3 = (-1,1), v4 = (-1,-1), and v5 = 
(1,-1). From (6) the convex hull of A is the Newton polytope Q is defined by 
ai =                      and the Q-homogenisation map      : Z2      Z5 is defined by
                                for i = 1,...,5. 
Taking (r,t) = 0, the homogeneous coordinates for each element of A,
                       (0,0) = (0,0,h,3h,h) = h(0,0,1,3,1)
                       (h,0) = (h,0,0,2h,2h) = h(1,0,0,2,2)
                       (0,h) = (0,h,2h,2h,0) = h(0,1,2,2,0)      
                       (h,h) = (h,h,h,h,h) = h(1,1,1,1,1)
                       (2h,h) = (2h,h,0,0,2h) = h(2,1,0,0,2)
                       (h,2h) = (h,2h,2h,0,0) = h(i,2,2,0,0)
Let r,t > 0. Let a = (r,t), then the homogeneous coordinates for each 
element of A, 
   (a)1 = <(r,t), (1,0)> + (-r) = 0
             (a)2 = <(r,t), (0,1)> + (-r) = 0
             (a)3 = <(r,t), (-1,1)> + (r-t + h) = h
             (a)4  = <(r,t), (-1,-1)> + (r + t + 3h) = 3h
             (a)5 = <(r,t), (1,-1)> + (-r + t + h) + h
                  (r,t) = (0,0,h,3h,h).
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        01,0,,1  rtrQ   
        00,1,,2  rtrQ   
        hhtrtrQ  1,1,3  
        hhtrtrQ 331,1,,4   
        hhtrtrQ  1,1,,5  
   hhhtrQ ,3,,0,0,  . 
 Continuing the same computation for other exponent vectors the following homogeneous 
coordinates are derived for each ,    hhhthrQ 2,2,0,0,,  ,    0,2,2,,0, hhhhtrQ  ,
   hhhhhhthrQ ,,,,,  ,    hhhhthrQ 2,0,0,,2,2   and    0,0,2,2,2, hhhhthrQ  . 
 
Thus,  
     1,3,1,0,0,0,0  trQQ    
     2,2,0,0,1,0,  thrh QQ   
     0,2,2,1,0,,0  htrh QQ   
     1,1,1,1,1,,  hthrhh QQ    
     2,0,0,1,2,2,2  hthrhh QQ   
     0,0,2,2,12,2,  hthrhh QQ  .    
 
Theorem 5. Let ,1f 2f  and 3f  be	 an	 unmixed	 polynomial	 system	 with	 support	
            hhhhhhhhA 2,,,2,,,,0,0,,0,0 . For each 6,,1i  the homogeneous coordinate of ie  for 
1h  equals the homogeneous coordinate of ie  for	any	h	>	1. 
Proof. For 1h , name the support of the system 1A  given by             2,1,1,2,1,1,1,0,0,1,0,0A . 
Homogeneous coordinate for each element of 1A ,    1,3,1,0,00,0 Q ,    2,2,0,0,10,1 Q ,
   0,2,2,1,01,0 Q ,    1,1,1,1,11,1 Q ,    2,0,0,1,21,2 Q ,    0,0,2,2,12,1 Q . 
 
 Taking h > 1, the homogeneous coordinates of each element of hA  are,
   2,2,0,0,10, hhQ  ,    0,2,2,1,0,0 hhQ  ,    1,1,1,1,1, hhhQ  ,    2,0,0,1,2,2 hhhQ  , 
   0,0,2,2,12, hhhQ  .  
 
Theorem 4 illustrates that scaling the edges of 1A h times gives the same homogeneous 
coordinate since for all hi Ae ˆ ,      iii eehe  ˆ  by Definition 1. Each homogeneous 
coordinate is a point in 4P which is written uniquely up to multiplication by *C . Here h . 
Example 2.  Consider the following nonlinear unmixed system, 
24
6
42
15
22
4
2
3
2
21 yxbyxbyxbybxbbf iiiiii  , 3,2,1i . 
This system is generated when h = 2 (h > 1) and gives support 
            4,2,2,4,2,2,2,0,0,2,0,0A . 
By Definition 2, the homogeneous coordinates for each support are shown in Table 3. 
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Main Results 
 
The results on the implementations of the hybrid Sylvester-Bèzout resultant matrix are 
generalised. The main theorem that established the conditions that can give a determinantal hybrid 
resultant formula for the class of unmixed bivariate polynomial systems is derived and proven. 
 
Let r, t be non-negative integers and h, k be positive integers. Consider the unmixed 
polynomial system of three equations in two variables of the form, 
 
kthr
i
kthr
i
kthr
i
ktr
i
thr
i
tr
ii yxCyxCyxCyxCyxCyxCf
2
6
2
54321
  , (8) 
 
with 1,2,3i  and the support of the system is 
            kthrkthrkthrktrthrtrA 2,,,2,,,,,,,,  . 
 
If kh  , the system (8) whose support is reduced to 
 
            hthrhthrhthrhtrthrtrA 2,,,2,,,,,,,,  . 
 
Observing the results of the implementation gives the following theorem. 
eorem 4. et , t ,	 w 	 tr, d l t h . t ,1f 2f  and 3f  be an unmixed 
polynomial	system	with	support	             hthrhtrhthrhtrthrtrA 2,,,2,,,,,,,,  . 
For each 6,,1i  t e homogeneous coordinate of ie  for 0 tr  equals the homogeneous 
ordinate of ie  for	any	r	>	0	or	t	>	0.	 
Proof. The Newton polytope of A and the respective normal vector i  is shown in Fig. 2 where 
   ,0,11   ,1,02   ,1,13   1,14   and  1,15  . From (6) the convex hull of A is the 
Newton polytope Q is defined by 

iQmi
ma ,min and the Q-homogenisation map 52: ZZ Q is 
defined by  
  iiiQ a  ,  for 5,,1 i .  
 
Taking  tr, = 0, the homogeneous coordinates for each element of A, 
     0,0,1,3,1,3,,0,00,0 hhhhQ   
     1,0,0,2,22,2,0,0,0, hhhhhQ   
     0,1,2,2,00,2,2,,0,0 hhhhhQ   
     1,1,1,1,1,,,,, hhhhhhhhQ   
     2,1,0,0,22,0,0,,2,2 hhhhhhQ   
     1,2,2,0,00,0,2,2,2, hhhhhhQ  . 
 
 Let 0, tr . Let  tr, , then the homogeneous coordinates for each element of A,  
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Main Results 
 
The results on the implementations of the hybrid Sylvester-Bèzout resultant matrix are 
generalised. The main theorem that established the conditions that can give a determinantal hybrid 
resultant formula for the class of unmixed bivariate polynomial systems is derived and proven. 
 
Let r, t be non-negative integers and h, k be positive integers. Consider the unmixed 
polynomial system of thr e equations in two variables of the form, 
 
kthr
i
kthr
i
kthr
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The bracket variables are rejected if, 
     or     or     and 
     Rule4Rule5   ,  ,   . 
 
Applying t ose conditions in formula (4), the row elements are uniquely defined, and the 
algorithm t rminates with the correct matrix dimension. 
 
Based on the concepts of divisors and algebraic geometry, a systematic approach for 
homogenising the polynomial equations have been realised and designed. Therefore, by Definition 
2, the h mogeneous coo dinate for e ch support of system (7) is constructed for the case 1 kh
, 
row  i   
1    1,3,1,0,00,0  
2    2,2,0,0,10,1   
3    0,2,2,1,01,0   
4    1,1,1,1,11 ,1   
5    2,0,0,1,21,2   
6    0,0,2,2,12,1   
 column 
 
These homogenisation coordinates are in  QS 2int  and index the rows of the hybrid resultant 
matrix. In (4), given that 23  , RjRk   and 1Ri . The bracket variables are constructed. Starting 
with the first exponent,  0,0  we have, 
 0,0  0    0    1   3    1 
                                   
           1  2  3  4  5  
 
Continuing 5-Rule process, the empirical results for the combinations   ,,  of all points 
in Q, are shown in Table 2. Definition 3 is used on the construction of the exponent vectors of the 
facet variables. The algorit m terminates with the correct matrix dimension and the computational 
cost is  3nO . 
 
Table 2: The combination γυ,μ,  for all Qα  when 1kh   
   51 ,,      ,,  
 0,0   0,0,1,3,1  0 
 1,0   1,0, ,2,2           1,6,5,1,4,5,1,3,5,1,6,2,1,4,2  
 0,1   0,1,2,2,0  0 
 1 ,1   1,1,1,1,1               3,6,5,3,6,2,3,4,5,3,4,2,1,6,5,1,6,4,1,6,2  
 1,2   2,0,0,1,2             4,6,5,2,6,5,6,4,2,4,3,5,1,6,5,3,5,2  
 2,1   0,0,2,2,1       3,6,5,3,6,4,3,6,2  
10 
 
 
Main Res lts 
 
The results on the impleme tations of the hybrid Sylvester-Bèz ut resultant matrix are 
generalised. The main theorem that established the conditions that can give a determinantal hybrid 
resultant formula for the class of unmixed bivariate polynomial systems is derived and proven. 
 
Let r, t be on-negat ve integers and h, k be positive integers. Consider the unmixed 
lynomial ystem of three equat ons in tw  variabl s f the form, 
 
kthr
i
kthr
i
kthr
i
ktr
i
thr
i
tr
ii yxCyxCyxCyxCyxCyxCf
2
6
2
54321
  , (8) 
 
with 1,2,3i  and the support of the system is 
            kthrkthrkthrktrthrtrA 2,,,2,,,,,,,,  . 
 
If kh  , the system (8) w ose support is reduced to 
 
            hthrhthrhthrhtrthrtrA 2,,,2,,,,,,,,  . 
 
Observing the results of the impl mentation gives the followi g theorem. 
Theorem 4. Let 0, tr ,	 where	 Ztr, and let Zh . Let ,1f 2f  and 3f  be an unmixed 
polynomial	syste 	with	support	             hthrhthrhthrhtrthrtrA 2,,,2,,,,,,,,  . 
For each 6,,1i  the homogeneous coordinate of ie  for 0 tr  equals the homogeneous 
coordinate of ie  for	any	r	>	0	or	t	>	0.	 
l to e of A and the respective normal vector i  is shown in Fig. 2 where 
 ,0,11   ,1,02   ,1,13   114   and  1,15  . From (6) the convex hull of A is the 
Newton polytope Q is defined by 

iQmi
ma ,min and the Q-homogenisation map 52: ZZ Q is 
defined by  
  iiiQ a  ,  f r ,,i .  
 
Taking  tr, = 0, the homog neous coordinates for each lement of A, 
     0,0,1,3,3,,0, hhhQ   
     1,0,0,2,22,2,0,0,0, hhhhhQ   
     0,1,2,2,00,2,2,,0,0 hhhhhQ   
     1,1,1,1,1,,,,, hhhhhhhhQ   
     2,1,0,0,22,0,0,,2,2 hhhhhhQ   
     1,2,2,0,00,0,2,2, hhhhQ  . 
 
 Let 0tr . Let  tr, , then the homogeneous coordinates for each element of A,  
10 
 
 
Main Results 
 
The results on the implementations of the hybrid Sylvester-Bèzout resultant matrix are 
generalised. The a n theorem that established the conditions th t can give a det rminantal hybrid 
resul ant formula for the class of unmixed bivariate polynomial systems is derived and proven. 
 
Let r, t be non-negative ntege s and , k b  positive integer . Consider the unmixed 
polynomial system of three equatio s in tw  variabl s of the form, 
 
kthr
i
kthr
i
kthr
i
ktr
i
thr
i
tr
ii yxCyxCyxCyxCyxCyxCf
2
6
2
54321
  , (8) 
 
with 1,2,3i  and the support of the system is 
            kthrkthrkthrktrthrtrA 2,,,2,,,,,,,,  . 
 
If kh  , the system (8) whose supp rt is r duc d to 
 
            hthrhthrhthrhtrthrtrA 2,,,2,,,,,,,,  . 
 
Observing the results of the implementation gives the following theorem. 
Theorem 4. Let 0, tr ,	 where	 Ztr, and let Zh . Let ,1f 2f  and 3f  be an unmixed 
polynomial	system	with	support	             hthrhthrhthrhtrthrtrA 2,,,2,,,,,,,,  . 
For each 6,,1i  the omogeneous coordinate of ie  for 0 tr  equals the homogeneous 
coordinate of ie  for	any	r	>	0	or	t	>	0.	 
Proof. The Newton polytope of A and the resp ctive norm l vector i  is shown in Fig. 2 where 
   ,0,11   ,1,02   ,1,13   1,14   and  1,15  . From (6) the convex hull of A is the 
Newton polytope Q is defined by 

iQmi
ma ,min and the Q-homogenisation map 52: ZZ Q is 
defined by  
  iiiQ a  ,  for 5,,1 i .  
 
Taking  tr, = 0, the homogeneous coordinates for each element of A, 
     0,0,1,3,1,3,,0,00,0 hhhhQ   
     1,0,0,2,22,2,0,0,0, hhhhQ   
     0,1,2,2,00,2,2,,0,0 hhhhhQ   
     1,1,1,1,1,,,,, hhhhhhhhQ   
     ,1,0,0,22,0,0,,2,2 hhhhQ   
     1,2,2,0,00,0,2,2,2, hhhhhhQ  . 
 
 Let 0, t . Let  tr, , then the homogeneous coordinates for each element of A,  
10 
 
 
Main Results 
 
The results on the implementations of the hybrid Sylvester-Bèzout resultant matrix are 
generalis d. The main theorem that established the conditions that can give a determinantal hybrid 
resultan  formula for the class of unmixed bivariate polynomial systems is derived and proven. 
 
Let r, t be non-negative integers and h, k be positive integers. Consider the unmixed 
polyn mial system of three equations in two variables f the form, 
 
kthr
i
kthr
i
kthr
i
ktr
i
thr
i
tr
ii yxCyxCyxCyxCyxCyxC
2
6
2
54321
  , (8) 
 
with 1,2,3i  and the support of the system is 
            kthrkthrkthrktrthrtrA 2,,,2,,,,,,,,  . 
 
If kh  , the system (8) whose support is reduced to 
 
            hthrhthrhthrhtrthrtrA 2,,,2,,,,,,,,  . 
 
Observing t e results of the implementation gives the following theorem. 
Theorem 4. L t 0, tr ,	 where	 Ztr, and le  Zh . Let ,1f 2f  and 3f  be an unmixed
p lynomial	system	with	supp rt	             hthrhthrhthrhtrthtrA 2,,,2,,,,,,,,  .
F r each 6,,1i  the homogeneous coordinate of ie  for 0 tr  equals the homogeneous 
co rdinat  of ie  f r	any	r	>	0	or	t	>	 .	 
Proof. The Newton polytope of A and the respective normal vector i  is shown in Fig. 2 wher
   ,0,11  ,1,02   ,1,13   1,14   and  1,15  . Fro  (6) the convex hull of A is the 
N wton polytope Q is defined by 

iQmi
ma ,min and the Q-homogenisation map 52: ZZ Q is 
defined by  
  iiiQ a  ,  for 5,,1 i .  
 
Taking  tr, = 0, the homogeneous coordinate  for each elem nt of A, 
     0,0,1,3,1,3,,0,00,0 hhhhQ   
     1,0,0,2,22,2,0,0,0, hhhhhQ   
     0,1,2,2,00,22,,0,0 hhhhQ   
     1,1,1,1,1,,,,, hhhhhhhQ   
     2,1,0,0,22,0,0,,2,2 hhhhhhQ   
     1,2,2,0,00,0,2,2,2, hhhhhhQ  . 
 
 Let 0, tr . Let  tr, , then the homogeneous coordinates for each element of A,  
10 
 
 
Main Results 
 
The results on the implem ntations of the hybrid Sylvester-Bèzout resultant matrix are 
generalis . The main theorem that stablis ed the conditions t a  can give a determinantal hybrid 
resultant formula for the class of unmixed bivariate polynomial systems is derived and proven. 
 
Let r, t be non-negative integers and h, k be positive integers. Consider the unmixed 
polynomi l system of three equations in two variables of the form,
 
kthr
i
kthr
i
kthr
i
ktr
i
thr
i
tr
ii yxCyxCyxCyxCyxCyxCf
2
6
2
54321
  , (8) 
 
with 1,2,3i  and the support of the system is 
            kthrkthrkthrktrthrtrA 2,,,2,,,,,,,,  . 
 
If kh  , the syst m (8) whose support is reduced to 
 
           hthrhthrthrhtrthrtrA 2,,,2,,,,,,,,  . 
 
Observing t e r sults of t e implementati n g ves the following theorem. 
Theorem 4. Let 0, t ,	 wher 	 Ztr, an  le  Zh . Let ,1f 2f  and 3f  be an unmixed
p lynomial	sys em	with	su port	             hthrhrhhrhtrthrtrA 2,,,2,,,,,,,,  .
For each 6,,1i the homogeneous coordinate of ie  for 0 tr  quals the homogeneous
coordi ate of ie  for	any	r	>	0	or	t	>	0.	 
Proof. The Newton p lytope of A and the respective normal vector i  is shown in Fig. 2 where 
   ,0,11   ,1,02   ,1,13   1,14   and  1,15  . Fro  (6) the convex hull of A is the 
Newton polytope Q is defined by 

iQmi
ma ,min and the Q-homogenisation map 52: ZZ Q is 
defined by  
  iiiQ a  ,  for 5,,1 i .  
 
Taking  tr, = 0, t e homogeneous coordinates for each element of A, 
     0,0,1,3,1,3,,0,00,0 hhhhQ   
     1,0,0,2,22,2,0,0,0, hhhhhQ   
     0,1,2,2,00,2,2,,0,0 hhhhhQ   
     1,1,1,1,1,,,,, hhhhhhhhQ   
     2,1,0,0,22,0,0,,2,2 hhhhhhQ   
     1,2,2,0,00,0,2,2,2, hhhhhhQ  . 
 
 Let 0, tr . Let  tr, , then the homogeneous coordinates for each element of A,  10 
 
 
Main Results 
 
The results on the implementations of the hybrid Sylvester-Bèzout resultant matrix are 
generalised. The main theorem that established the conditions that can give a determinantal hybrid 
r sultant form la for the cl ss of unmixed bivariate polyno ial systems is d rived and proven. 
 
L t r, t be non-n g tive integers and h, k be po itive integers. Consider the unmixed 
polynomial system of three equations in two variables of the form, 
kthr
i
kthr
i
kthr
i
ktr
i
thr
i
tr
ii yxCyxCyxCyxCyxCyxCf
2
6
2
54321
  , (8) 
 
with 1,2,3i  and the support of the system is 
            kthrkthrkthrktrthtrA 2,,,2,,,,,,,,  . 
 
If k , the system (8) whose support is reduced to 
 
            hthrhthrhthrhtrthrtrA 2,,,2,,,,,,,,  . 
 
Observing the r sults of the impl mentation giv s t e following theorem. 
Theo em 4. L t 0, tr ,	 wher 	 Ztr, an  l  Z . Let ,1f 2f  and 3f  be an unmixed
p lynomial	syst m	with	supp rt	             hthrhthrhthrhtrthtrA 2,,,2,,,,,,,,  .
F r each 6,,1i the hom ge eous coo dina e of i fo  0 tr  equals the homogeneous
c rdinat  of ie  f r	any	r	>	0	or	t	>	0.	 
Pr of. Th  Newt n polytope of A and the respective normal vector i  is shown in Fig. 2 wher
   ,0,11   ,1,02   ,1,13   1,14   and  1,15  . Fro  (6) the convex hull of A is th
Newton polytope Q is defined by 

iQmi
ma ,min and the Q-homogenisation map 52: ZZ Q is 
defined by  
  iiiQ a  ,  for 5,,1 i .  
 
Taking  tr, = 0, t e homogeneous co dinates for each element of A, 
     0,0,1,3,1,3,,,0,0 hhh   
     1,0,0,2,22,2,0,0,0, hhhhh   
     0, ,2,2,00,2,2,,0,0 hhhh   
     1,1,1, ,1,,,,, hhhhhh   
     2,1,0,0,22,0,0,,2,2 hhhhh   
     1,2,2,0,00,0,2,2,2, hhhhh  . 
 
 Let 0, tr . Let  tr, , then the homogeneous coordinates for each element of A,  
10 
 
 
Main Results 
 
The results on the implementations of the hybrid Sylvester-Bèzout resultant matrix are 
generalised. The ain theorem that established the conditions that can give a determinantal hybrid 
resul ant formula for the class of unmixed bivariate polynomial systems is derived and proven. 
 
Let r, t be non-negative integers and h, k be positive integers. Consider the unmixed 
polynomial system of three equations in two variables of the form, 
 
kthr
i
kthr
i
kthr
i
ktr
i
thr
i
tr
ii yxCyxCyxCyxCyxCyxCf
2
6
2
54321
  , (8) 
 
with 1,2,3i  and the support of the system is 
            kthrkthrkthrktrthrtrA 2,,,2,,,,,,,,  . 
 
If kh  , t  sy tem (8) whose suppor  is reduced to 
            hthrthrhrhtrthtA 2,,,2,,,,,,,,  . 
 
Obs rving the results of the implementati n gives the following theorem. 
Theorem 4. Let 0, tr ,	 where	 Ztr, and let Zh . Let ,1f 2f  and 3f  be an unmixed 
polynomial	system	with	support	             hthrhthrhthrhtrthrtrA 2,,,2,,,,,,,,  . 
For ach 6,,1i  the homogeneous co rdi ate of ie  for 0 tr  equals the homogeneous 
coordinat of ie  f r	a y	r	>	0	or	t	>	0.	
Proof. The New on polytope of A and the respective normal vector i  is shown in Fig. 2 where 
 0,11   ,1,02   ,1,13   1,14   and  1,15  . From (6) the convex hull of A is the 
Newton polytope Q is defined by 

iQmi
ma ,min and the Q-homogenisation map 52: ZZ Q is 
defined by  
  iiiQ a  ,  for 5,,1 i .  
Taking  tr, = 0, the homogeneous coordinates for each element of A, 
     0,0,1,3,1,3,,0,00,0 hhhhQ   
     1,0,0,2,22,0,0,0, hhhhhQ   
     0,1,2,2,00,2,2,00 hhhhhQ   
     1,1,1,1,1,,,,, hhhhhhhhQ   
     2,1,0,0,22,0,0,,2,2 hhhhhhQ   
     1,2,2,0,00,0,2,2,2, hhhhhhQ  . 
 
 Let 0, tr . Let  tr, , th  the homogeneous coordinates f r each element of A,  
10 
 
 
Main Results 
 
The results on the implementations of the hybrid Sylvester-Bèzout resultant matrix are 
generalised. The main theorem that established the conditions that can give a determinantal hybrid 
resultant f r ula for the class f unmixed bivariate polynomial systems is deriv d an  proven. 
 
Let r, t be n n-negative intege s and h, k be positive integers. Consider the unmixed 
polynomial system of three equations in two variables of the form, 
 
kthr
i
kthr
i
kthr
i
ktr
i
thr
i
tr
ii yxCyxCyxCyxCyxCyxCf
2
6
2
54321
  , (8) 
with 1,2,3i  and the support of the syst m is 
            kthrkthrkthrktrthrtrA 2,,,2,,,,,,,,  . 
 
If kh  , the system (8) wh se su port is reduced to 
 
            hthrhthrhthrhtrthrtrA 2,,,2,,,,,,,,  . 
 
Observing results of the implementation giv s th  following theorem. 
Theo em 4. L t 0, tr ,	 wher 	 Ztr and l t Z . Let ,1f 2f  and 3f  be an unmixed 
polynomial	syst m	wit 	support	             hthrhthrhthrhtrhrtrA 2,,,2,,,,,,,,  .
F r each 6,,1i  the om g neous c o na e of ie  for 0 tr  equals the homogeneous
c ordinate of ie  fo 	any	r	>	0	or	t	>	0.	 
Pr f. Th  New n polyto e of A and the respective nor al vec or i  is s own in Fig. 2 where
   ,0,11   ,1,02   ,1,13   1,14   and  1,15  . From (6) th  convex hull of A is th
Newto  polytope Q is defined by 

iQmi
ma ,min and the Q-ho ogenisation map 52: ZZ Q i  
defined by  
  iiiQ a  ,  for 5,,1 i .  
 
Taking  tr, = 0, the homogeneous coord nates for each element of A, 
     0,0,1,3,1,3,,0,00,0 hhhQ   
     1,0,0,2,22,2,0,0,0, hhhhhQ   
     0,1,2,2,00,2,2,,0,0 hhhhh   
     1,1,1,1,1,,,,, hhhhhhhhQ   
     2,1,0,0,22,0,0,,2,2 hhhhhhQ   
     1,2,2,0,00,0,2,2,2, hhhhhh  . 
 
 Let 0, tr . Let  tr, , then the homogeneous coordinates for each element of A,  
10 
 
 
Mai  Results 
 
The result  on the implementations of the hybrid Sylvester-Bèzout resultant matrix are 
generalised. The main theorem that established the conditions that can give a determinantal hybrid 
resultant formula for the class of unmixed bivariate polynomial systems is derived and proven. 
 
Let r, t be non-negative integers and h, k be positive integers. Consider the unmixed 
polynomial system of three equations in two variables of the form, 
 
kthr
i
kthr
i
kthr
i
ktr
i
thr
i
tr
ii yxCyxCyxCyxCyxCyxCf
2
6
2
54321
  , (8) 
 
with 1,2,3i  and t e support of t e system is 
            kthrkthrkthrktrthrtrA 2,,,2,,,,,,,,  . 
 
If kh  , t  sy tem (8) whose support is reduced to 
 
            hthrhthrhtrhtrthtrA 2,,,2,,,,,,,,  . 
Observing the results of the mplementatio  gives the following theorem. 
Theo em 4. L t 0, tr ,	 wher 	 Ztr, and l t Z . Let ,1f 2f  and 3f  be an unmixed 
polynomial	syst m	with	support	             hthrhthrhthrhtrhrtrA 2,,,2,,,,,,,,  .
F r each 6,,1i  the hom geneous coo dina e of ie  for 0 tr  equals the homogeneous
c ordinate of ie  for	any	r	>	0	 r	t	>	0.	 
Pr of. T New on polytope of A and the resp ctiv  normal vector i  is shown in Fig. 2 where 
   ,0,11   ,1,02   ,1,13   14   and  1,15  . From (6) the convex hull of A is th
Newton polytope Q is defined by 

iQmi
ma ,min and the Q-ho ogenisation map 52: ZZ Q is 
defined by  
  iiiQ a  ,  for ,,1 i .  
 
Taking  tr, = 0, the homogeneous coordinates for each element of A, 
     0,0,1,3,1,3,,0,00,0 hhhhQ   
     1,0,0,2,22,2,0,0,0, hhhhhQ   
     0,1,2,2,00,2,2,00 hhhhh   
     1,1,1,1,1,,,,, hhhhhhhQ   
    2,1,0, ,22,0,0,,2,2 hhhhhhQ   
     1,2,2,0,00,0,2,2,2, hhhhh  . 
 
 Let 0, tr . Let  tr, , th  the ho ogeneous coordinates for each element of A,  
10 
 
 
Main Results 
 
The results on the implementations of the hybrid Sylvester-Bèzout resultant matrix are 
generalised. The main theorem that established the conditions that can give a determinantal hybrid 
resultant formula for the class of unmixe  bivariate polynomial systems is derived and proven. 
 
Let r, t be non-negative integers and h, k be positive integers. Consider the unmixed 
polynomial system of three equations in two variables of the form, 
 
kthr
i
kthr
i
kthr
i
ktr
i
thr
i
tr
ii yxCyxCyxCyxCyxCyxCf
2
6
2
54321
  , (8) 
 
with 1,2,3i  and the support of the system is 
            kthrkthrkthrktrthrtrA 2,,2,,,,,,,,  . 
 
If kh  , the syste  (8) whose support is reduced to 
 
            hthrhthrththrtrA 2,,,2,,,,,,  . 
 
Obs rvi g the results of the implementation gives the foll wing theorem. 
The rem 4. Le  0, t ,	 where	 tr, and let Zh . Let ,1f 2f  and 3f  be an unmixed
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ma ,min and the Q-homogenisation map 52: ZZ Q is 
defined by  
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 Let 0, tr . Let  tr, , t  the homogeneous coordinates for each element of A,  
10 
 
 
Main Results 
 
The results on the implementations of the hybrid Sylvester-Bèzout resultant matrix are 
generalised. The main theorem that established the conditions that can give a determinantal hybrid 
esultant formula for the class of unmixed bivariate polynomial systems is derived and proven. 
 
Let r, t be non-negative integ rs and h, k be positive integers. Consider the unmixed 
polynomial system of three equations in two variables of the form, 
kthr
i
kthr
i
kthr
i
kt
i
hr
i
tr
ii yxCyxCyxCyxCyxCyxCf
2
6
2
54321
  , (8) 
 
with 1,2,3i  and the support of the syste  is 
            kthrkthrkthrktrthrtrA 2,,,2,,,,,,,,  . 
 
If kh  , t e t  (8) whose support is reduced to 
 
            htrhthrthrhtrthrtrA 2,,,2,,,,,,,,  . 
Observing the r sults of the impl mentation giv s t e following theorem. 
Theor m 4. L t 0, tr ,	 wher 	 Ztr, an  let Zh . Let ,1f 2f  and 3f  be an unmixed 
p lynomial	system	with	supp rt	             hthrhthrhthrhtrthtrA 2,,,2,,,,,,,,  . 
F r each 6,,1i  the homog neous coor inate of ie  for 0 tr  equals the homogeneous 
c rdinat  of ie  f r	any	r	>	0	or	t	>	0.	 
Proof. The New on polytope of A and the resp ctive normal vector i  is shown in Fig. 2 wher
 0,11   ,1,02   ,1,13   1,14   and  1,15  . Fro  (6) the convex hull of A is the 
Newton polytop  Q is defined by 

iQmi
ma ,min and the Q-homogenisation map 52: ZZ Q is 
defined by  
  iiiQ a  ,  for 5,,1 i .  
Taking  tr, = 0, t e homogeneous coordinates for each el ment of A, 
  ,0,1,3,13,00 hhh   
  1,0,0,2,22,2,0,00 hhhhh   
  0 2,2,00,2,2,,00 hhh  
    1,1,1, ,1,,,, hhhhhh   
   2,1,0,0,2,0,0,,2,2 hhhhh   
     1,2,2,0,00,0,2,2,2, hhhhhhQ  . 
 
 Let 0, tr Let  tr, , t  t e homogeneous coordinates for each lement f A,  
10 
 
 
Main Results 
 
The results o  the implementations of the hybrid Sylvester-Bèzout resulta t matrix are 
gener lised. The mai  heorem that established the conditi ns that can give a det rmi antal hybrid 
result nt f mula for the class of unmixed bivariate polyn mial systems is deriv d a d proven. 
 
Let r, t be non-negative integers and h, k be positive integers. Consider the unmixed 
polynomial y tem of three equations i  two variables of the form, 
kthr
i
kthr
i
kthr
i
ktr
i
thr
i
tr
ii yxCyxCyxCyxCyxCyxCf
2
6
2
54321
  , (8) 
 
with 1,2,3i  and the support of the system is 
            kthrkthrkthrktrthrtrA 2,,,2,,,,,,,,  . 
 
If kh  , the syste  (8) whose support is reduced to 
 
            hthrhthrthrhtrthrtrA 2,,,2,,,,,,,,  . 
 
Observing the r sults of t e implementati n g ves the following theorem. 
Theorem 4. L t 0, t ,	 w er 	 Ztr, n  le  Zh . Let ,1f 2f  and 3f  be an unmixed
p lynomial	syst 	with	 u p rt	             hthrhtrhhrhtrhtrA 2,,,2,,,,,,,,  .
F r each 6,,1i the h m gene us oo dinate of ie  for 0 tr  quals the homogeneous
c rdi at  of ie  f r	any	r	>	0	or	t	>	0.	 
Pr of. Th  New n polytope of A and the resp ctive normal vector i  is shown in Fig. 2 wher
   ,0,11   ,1,02   ,1,13   1,14   and  1,15  . From (6) the convex hull of A is th
Newton polytope Q is defined by 

iQmi
ma ,min and the Q-homogenisation map 52: ZZ Q is 
defin d by  
  iiiQ a  ,  for 5,,1 i .  
Taking  tr, = 0, t e homogeneous coordinates for each element of A, 
     0,0,1,3,1,3,,0,00,0 hhhhQ   
     1,0,0,2,22,2,0,0,0, hhhhhQ   
     0,1,2,2,00,2,2,00 hhhhhQ   
     1,1,1,1,1,,,,, hhhhhhhQ   
     2,1,0,0,22,0,0,,2,2 hhhhhQ   
     1,2,2,0,00,022,2, hhhhQ  . 
 
 L t 0, tr . Le   tr, , t  the homogeneous coordinate  for each el ment of A,  
10 
 
 
Main Results 
 
The results on the i plementations of the hybrid Sylvester-Bèzout resultant matrix are 
generali ed. The main theorem that established the conditions that can give a determinantal hybrid 
resultant formula for the class of unmixed bivariate polynomial systems is derived and proven. 
 
Let r, t b  non-negative integers and h, k be positive integers. Consider the unmixed 
polynomial system of three equations in two variables of the form, 
kthr
i
kthr
i
kthr
i
ktr
i
thr
i
tr
ii yxCyxCyxCyxCyxCyxCf
2
6
2
54321
  , (8) 
 
with 1,2,3i  and the supp rt of the system is 
            kthrkthrkthrktrthrtrA 2,,2,,,,,,,,  . 
 
If kh  , the system (8) whose support is reduced to
 
            hthrhthrththrtrA 2,,,2,,,,,,  . 
 
Observing the r sults f the impl mentation giv s t  following theorem. 
The rem 4. L  0, t ,	 wher 	 Ztr, an  le Zh . Let ,1f 2f  and 3f  be an unmixed
p lynomial	system	with	su p rt	            hthrhtrhthrhtrthtrA 2,,,2,,,,,,,,  .
F r each 6,,1i the homogeneous coordinate of ie  for 0 tr  quals the homogeneous 
co rdinat  of ie  f r	any	r	>	 	or	t	>	0.	 
Proof. T e Newton polytope of A and the respective normal vector i  is shown in Fig. 2 wher
   ,0,11   ,1,02   ,1,13   1,14   and  1,15  . Fro  (6) the convex hull of A is the 
Newton polytope Q is defined by 

iQmi
ma ,min and the Q-homogenisation map 52: ZZ Q is 
defined by  
 iiiQ a  ,  for 5,,1 i .  
 
Taking  tr, = 0, the homogeneous c ordinates for each element of A, 
     0,0,1,3,1,3,,0,00,0 hhhQ   
     1,0,0,2,22,2,0,0,0, hhhhh   
     0,1,2,2,00,2,2,,0,0 hhhhhQ   
     1,1,1,1,1,,,,, hhhhhhhhQ   
     2,1,0,0,22,0,0,,2,2 hhhhh   
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Continuing the same computation for other exponent vectors the 
following homogeneous coordinates are derived for each a ,      (r + h,t) 
= (h,0,0,2h,2h) ,     (r,t + h) =	(0,h,2h,2h,0),						(r + h,t + h) = (h,h,h,h,h), 
(r + 2h,t + h) = (2h,h 0,0,2h) and       (r + h,t + 2h) = (h,2h,2h,0,0)
Thus, 
  
 
 
  
 
   
Theorem 5. Let   f1, f2 and f3 be	an	unmixed	polynomial	system	with	
support	A	=	{(0,0),	(h,0),	(0,h),	(h,h),	(2h,h),	(h,2h)}	.	For	each	i	=	1,...,6 
the homogeneous coordinate of  e
1	 	 	
for h= 1, equals the homogeneous 
coordinate of  e
1
		for	any	h	>	1.
Proof. For h = 1 , name the support of the system A1 given by A = {(0
,0),(1,0),(0,1),(1,1),(2,1),(1,2)}. Homogeneous coordinate for each element 
of A1,          (0,0) = (0,0,1,3,1),      (1,0) = (1,0,0,2,2),      (0,1) = (0,1,2,2,0),        
(1,1) = (1,1,1,1,1),     (2,1) = (2,1,0,0,2),      (1,2) =(1,2,2,0,0).
Taking h > 1, the homogeneous coordinates of each element of  Ah 
are       (h,0) = h(1,0,0,2,2),        (0,h) = h(0,1,2,2,0),      (h,h) = h(1,1,1,1,1), 
(2h,h) = h(2,1,0,0,2),      (h,2h) = h(1,2,2,0,0).     
Theorem 4 illustrates that scaling the edges of  A1h times gives the same 
homogeneous coordinate since for all         Ah  ,                                      by 
Definition 1. Each homogeneous coordinate is a point in P4 which is written 
uniquely up to multiplication by
Example 2. Consider the following nonlinear unmixed system,
            fi  = bi1	+ bi2 x2	+ bi3 y2	+ bi4 x2 y2	+ b15 x2 y2	,	i	=	1,2,3.
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        01,0,,1  rtrQ   
        00,1,,2  rtrQ   
        hhtrtrQ  1,1,,3  
        hhtrtrQ 331,1,,4   
       htrtrQ  1,1,,5  
   hhhtrQ ,3,,0,0,  . 
 Continuing the same computation for other exponent vectors the following homogeneous 
coordinates are derived for each ,    hhhthrQ 2,2,0,0,,  ,    0,2,2,,0, hhhhtrQ  ,
  hhhhhhthr ,,,,,     hhhthrQ 2,0,0,,2,2   and    0,0,2,2,2, hhthrQ  . 
 
hus,  
     1,3,1,0,0,0,0  trQQ    
     ,,0,,1,0,  thrh QQ   
     0,2,2,1,0,,0  trh QQ   
     1,1,1,1,1,,  hthrhh QQ    
     2,0,0,1,2,2,2  hthrhh QQ   
     0,0,2,2,12,2,  hthrhh QQ  .    
 
Theorem 5. Let ,1f 2f  and 3f  be	 an	 unmixed	 polynomial	 system	 with	 support	
            hhhhhhhhA 2,,,2,,,,0,0,,0,0 . For each 6,,1i  the homogeneous coordinate of ie  for 
1  equals the homogeneous coordinate of i  for	any	h	>	1. 
Proof. For 1h , name the support of the system 1A  given by             2,1,1,2,1,1,1,0,0,1,0,0A . 
Homogeneous coordinate for each element of 1A ,    1,3,1,0,00,0 Q ,    2,2,0,0,10,1 Q ,
   0,2,2,1,01,0 Q ,    1,1,1,1,11,1 Q ,    2,0,0,1,21,2 Q ,    0,0,2,2,12,1 Q . 
 
 Taking h > 1, the homogeneous coordinates of each element of hA  are,
   2,2,0,0,10, hhQ  ,    0,2,2,1,0,0 hhQ  ,    1,1,1,1,1, hhhQ  ,    2,0,0,1,2,2 hhhQ  , 
   0,0,2,2,12, hhhQ  .  
 
Theorem 4 illustrates that scaling the edges of 1A h times gives the same homogeneous 
coordinate since for all hi Ae ˆ ,      iii eh  ˆ  by Definition 1. Each homogeneous 
coordinate is a point in 4P which is written uniquely up to multiplication by *C . Here h . 
Example 2.  Consider the following nonlinear unmixed system, 
24
6
42
15
22
4
2
3
2
21 yxbyxbyxbybxbbf iiiiii  , 3,2,1i . 
This system is gen rat d when h = 2 (h > 1) and gives upport 
            4,2,2,4,2,2,2,0,0,2,0,0A . 
By Definition 2, the homogeneous coordinates for each support are shown in Table 3. 10
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     0,0,1,3,1,3,,0,00, hhhhQ   
     1,0,0,2,22,2,0,0,0, hhhhhQ   
     0,1,2,2,00,2,2,,0, hhhhhQ   
     1,1,1,1,1,,,,, hhhhhhhhQ   
     2,1,0,0,22,0,0,,2,2 hhhhhhQ   
     1,2,2,0,00,0,2,2,, hhhhhhQ  . 
 
 Let 0, tr . L t  tr, , then the hom geneous coordinates for each element of A,  
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Main Results 
 
The results on the imple entations of the hybrid Sylvester-Bèzout resultant matrix are 
g neralis d. The ain theorem that stablished th  conditions that can gi  a determinantal hybrid 
resultant for ula for the class of unmixe  bi ariat  polynomial systems is derived and proven. 
 
L t r, t be n-neg tive integers a d h, k be positive integers. Consider the unmixed 
pol nomial system of t ree equations in two variables of the form, 
 
kthr
i
kthr
i
kthr
i
ktr
i
thr
i
tr
ii yxCyxCyxCyxCyxCyxCf
2
6
2
54321
  , (8) 
 
with 1,2,3i  and t e support of the syst m is 
            kthrkthrkthrktrthrtrA 2,,,2,,,,,,,,  . 
 
If kh  , the system (8) whose support is reduced to 
 
            hthrhthrhthrhtrthrtrA 2,,,2,,,,,,,,  . 
 
Ob erving the results f the implementation gives th  following theorem. 
Theorem 4. t 0, t ,	 where	 Zr and let Z . Let ,1f 2f  and 3f  be an unmixed 
p lyn mial	syst m	wit 	support	             htrhthrhthrhtrthrtrA 2,,,2,,,,,,,,  . 
For each 6,,1i  the homogeneous co rdinate of ie for 0 tr  equals the homogeneous 
coordinat  i  for	a y	 	>	0	or	t	>	0.	 
Proof. The Newton p lytope of A a d the espective normal vector i  is shown in Fig. 2 where 
   ,0,11   ,1,02   ,1,13   1,14   and  1,15  . From (6) the convex hull of A is the 
Newton polytope Q is defined by 

iQmi
ma ,min and the Q-homogenisation map 52: ZZ Q is 
defined by  
  iiiQ a  ,  for 5,,1 i .  
 
T king  tr, = , the homogeneous coordinates for each element of A, 
     0,0,1,3,1,3,,0,00,0 hhhhQ   
     1,0,0,2,2,2,0,0,0, hhhQ   
     0,1,2,2,00,2,2,,0,0 hhhhhQ   
     1,1,1,1,1,,,,, hhhhhhhhQ   
     2,1,0,0,,0,0,,2,2 hhhhhQ   
     1,2,2,0,00,0,2,2,2, hhhhhhQ  . 
 
 Let 0, tr . Let  tr, , then the homogeneous coordinates for each element of A,  
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Main Results 
 
The r sults on the impl entations of the ybrid Sylve ter-Bèzout resultant matrix are 
generalised. The ain theo em that e tablish d th  conditio s that can gi e a et rminantal hybrid 
resultant for ula for th  class o  un ixed bivariate p lynomial syst ms is derived and prove . 
 
L  r, t be non- g tiv  integ rs and h, k b positiv  integers. Consider the unmixed 
polynomial system f three equation  in two variables of the form, 
 
kthr
i
kthr
i
kthr
i
ktr
i
tr
i
tr
ii yxCyxCyxCyxCyxCf
2
6
2
54321
  , (8) 
 
with 1,2,3i  and the support of the system is 
            kthrkthrkthrktrthrtrA 2,,,2,,,,,,,  . 
 
If kh  , the system (8) wh se support i  re uc d to 
 
            hthrhthrhthrhtrthrtrA 2,,,2,,,,,,,  . 
 
Observing the results of th  impl entation gives the following theorem. 
Theor m 4. Let 0, tr ,	 where	 Ztr, and let Z . Let ,1f 2f  and 3f  be an unmixed 
polyn mial	syst m	with	support	             htrhthrthrhtrthrtrA 2,,,2,,,,,,,  .
For each 6,,1i  the homog e us coordinate f ie  for 0 tr  quals the homogeneous 
coordinat   ie  for	any	 	>	0	 r	t	>	0.	 
Proof. The Newton polytope of A and the espective normal vect r i  is show  in Fig. 2 where
   ,0,1   ,,02   ,1,3   1,14   and  1,15  . From (6) the convex hull of A is the 
Newton polytope Q is define  by 

iQmi
ma ,in a d the Q-homogenisation map 52: ZZ Q s 
defined by  
  iiiQ a  ,  f r 5,1 i .  
 
Taki g  tr, = , the homog n ous coordinates for each element of A, 
     0,0,1,3,1,3,,0,00,0 hhhhQ   
     1,0,0,2,22,2,0,0,0, hhhhhQ   
    1,2,2,00,2,2,,0,0 hhhhhQ   
     1,1 1,1,1,,,,, hhhhhhhhQ   
     2,1,0,0,22,0,0,,2, hhhhhhQ   
     1,2,2,0,00,0,2,2,2, hhhhhhQ  . 
 
 Let 0, tr . Let  tr, , then the homog neous coordinates for each element of A,  
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Main Results 
The results on the implementations of the hybrid Sylvester-Bèzout resultant matrix are 
generalised. The main theor m that stablished the c nditi ns that can give a determ nant l h brid 
resultant formula for the clas  of unmixed bivariat  polynomial systems is derived and proven. 
 
Let r, t be non-negative integer and , k be positiv  i t gers. Consider t e un ixed 
polynomial system of three equations i  two variabl s of the form, 
 
kthr
i
kthr
i
kthr
i
ktr
i
thr
i
tr
ii yxCyxCyxCyxCyxCyxCf
2
6
2
54321
  , (8) 
 
with 1,2,3i  and the support of t e system is 
            kthrktrkthrktrthrtrA 2,,,,,,,,,,  . 
 
If kh  , th  system (8) whose support i  reduced to 
 
          hthrhthrhhtrthrtrA 2,,,2,,,,,,  . 
 
Observing the results of the implementation gives the f llowing th orem. 
The rem 4. Let 0, tr ,	 where	 Ztr, and le  Zh . Let 1f 2f  and 3f  be an unmixed 
polynomial	system	with	su p rt	             hthrhtrhthrhtrthrtrA 2,,,2,,,,,,,,  . 
For each 6,,1i  the hom ge eous coordin t  f ie  for 0 tr  equals the homogeneous 
coordinate of ie  for	a y	r	>	0	 r	t	>	0.	 
Proof. The Newton polytope f A and the respective normal vector i  is shown in Fig. 2 where 
   ,0,11   ,1,02   ,1,13   1,14   and  1,5  . From (6) the convex hull of A is the 
Newton polytope Q is defined by 

iQmi
ma ,min and the Q-homoge isation map 52: ZZ Q is 
d fined by  
  iiiQ a  ,  for 5,,1 i .  
 
Taking  tr, = , the homogeneous coordinates f r each element of A, 
     0,0,1,3,1,3,,0,00,0 hhhhQ   
     1,0, ,2,2,2,0,0,0, hhhhhQ   
     0,1,2,2,00,2,,,0,0 hhhhhQ   
     1,1,1,1,1,,,,, hhhhhhhhQ   
     2,1,0,0,22,0,0,,2,2 hhhhhQ   
     1,2,2,0,00,0,2,2,2, hhhhhhQ  . 
 
 Let 0, tr . Let  tr, , th n the homogeneous coordi ates f r each element of A,  11 
 
        01,0,,1  rtrQ   
        00,1,,2  rtrQ   
        hhtrtrQ  1,1,,3  
        hhtrtrQ 331,1,,4   
        hhtrtrQ  1,1,,5  
   hhhtrQ ,3,,0,0, . 
Continui g the sa e c mputation for t r exp nent vect rs the f llowi g neous 
coordinates are derived f r each ,    hhhthrQ 2,2,0,0,,  ,    0,2,2,,0, hhhhtrQ  ,
   hhhhhhthrQ ,,,,  ,   hhth 2,0,0,2,2   and    0,0,2,2,, hhhthrQ  . 
 
Thus,  
     1,3,10,0,0,0 trQQ    
     2,2,0,,1,0,  thrh QQ   
     0,2,2,1,0,,0  htrh QQ   
     1,1,1,1,1,,  hthrhh QQ    
     2,0,0,1,2,2,2  hthrh QQ   
     0,0,2,2,12,2,  hthrhh QQ  .    
 
Th orem 5. Let ,1f 2f  and 3f  be	 an	 un ixed	 polynomial	 system	 with	 support	
            hhhhhhhhA 2,,,2,,,,0,0,,0,0 . For each 6,,1i  the homogeneous coordinate of ie  for 
1h  equals the hom geneous coordinate of e  for	any	h	>	1. 
Proof. For 1h , na e th  supp rt of the system 1A  given by             2,1,1,21,1,1,0,0,1,0,0A . 
Hom geneous i a e  each lem nt f 1A ,    1,3,1,0,0,0 Q ,    2,2,0,0,10,1 Q ,
   0,2,2,1,01,0 Q ,    1,1,1,1,11,1 Q ,    2,0,0,1,21,2 Q ,    0,0,2,2,12,1 Q . 
 
 Taking h > 1, the homogeneous coordinates of each element of A  are,
   2,2,,0,10, hQ  ,    0,2,2,1,,0 hQ  ,   1 ,1, ,1, hhhQ  ,    2,0,0,2,2 hhQ  , 
   0,0,22,12, hhhQ  .  
 
Theorem 4 illustrates that scaling the edges of 1A  times gives the same homogeneous 
c ordinate since for all ie ˆ       iii eehe  ˆ by Definition 1. Each homogeneous 
coordinate is a point in 4P which s w itten uniquely up to multiplication by *C . Here h . 
Example 2.  Consider the following nonlinear unmixed system, 
24
6
42
15
22
4
2
3
2
21 yxbyxbyxbybxbbf iiiiii  , 3,2,1i . 
This system is generated when h = 2 (h > 1) and gives support 
            4,2,2,,2,2,2,0,0,2,0,0A . 
By Definition 2, the homogeneous coordinates for each support are shown in Table 3. 
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        01,0,,1  rtrQ   
        00,1,,2  rtrQ   
        hhtrtrQ  1,1,,3  
        hhtrtrQ 331,1,,4   
        hhtrtQ  1,1,,5  
   hhhtrQ ,3,,0,0,  . 
 Continuing the same computation for other exponent vectors the following homogeneous 
coordinates are derived fo  each ,    hhhthrQ 2,2,0,0,,  ,    0,2,2,,0, hhhhtrQ  ,
   hhhhhthrQ ,,,,,  ,    hhhhrQ 2,0,0,,2,2  and    0,0,2,2,2, hhhhthrQ  . 
 
Thus,  
     1,3,1,0,00,0  trQQ   
     2,2,0,0,1,  trh QQ   
     0,2,2,1,0,,0 hth QQ   
     1,1,1,1,1,,  hthrhh QQ    
     2,00,1,2,2,2  hthrh QQ   
     0,0,2,2,12,2,  hthrh QQ  .    
 
Theorem 5. Let ,1f 2f  and 3f  be	 an	 unmixed	 polyno ial	 system	 with	 support	
            hhhhhhhhA 2,,,2,,,,0,0,,0,0 . For each 6,,1i  th  homog eous coordinate of ie  for 
1h equals the h mogeneous coordinat  f ie  for	any	h	 1. 
Pro f. For h , name the support of the system 1A  given by             2,1,1,2,1,1,10,0,1,0,0A . 
Homogeneous coordinate for each element of 1A ,    ,3,1,,00,0 Q ,    2,2,0,0,10,1 Q ,
   0,2,1,0Q     1,1,1,1,11,1 Q ,    2,0,0,1,21,2 Q ,    0,0,2,2,12,1 Q . 
 
 Taking h > 1, the homogeneous coordinates of each lement of hA  ar ,
   2,2,0,0,10, hhQ  ,    0,2,2,1,0,0 hhQ  ,    1,1,1,1,1, hhhQ  ,    2,0,0,1,2,2 hhhQ  , 
   ,,2,2,12, hhQ  .  
 
Theorem 4 illustrates that scaling t e 1h ti es gives the same homog neous 
coordinate si c  for all hi Ae ˆ ,      iii he  ˆ  y efinition 1. Each homog neous 
coordinate is a point in 4P whic  is written uniquely up to ultiplication by *C . Here h . 
Example 2.  Consider the follow ng nonlinear unmixed system, 
24
6
42
15
22
4
2
3
2
21 yxbyxbyxbybxbbf iiiiii  , 3,2,1i . 
This system is generated w en  =  (  > 1) and gives support 
            4,,2,4,2,2,2,0,0,2,0,0A .
By Definition 2, the homogeneous coordinates for each support are shown in Table 3. 
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        01,0,,1  rtrQ   
        00,1,,2  rtrQ   
        hhtrtrQ  1,1,,3  
        hhtrtrQ 331,1,,4   
        hhtrtrQ  1,1,,5  
   hhhtrQ ,3,,0,0,  . 
 Continuing the same computation for other exponent v ct r the followin  hom geneous 
coordinates are derived for each ,    hhhthQ 2,2,0,0,,  ,    0,2,2,,0, hhhhtrQ  ,
   hhhhhhthrQ ,,,,,  ,    hhhhthrQ 2,0,0,,2,2   and    0,0,2,2,2, hhhhthrQ  . 
 
Thus,  
     1,3,1,0,0,0,0  trQQ    
     2,2,0,0,1,0,  thrh QQ   
     0,2,2,1,0,,0  htrh QQ   
     1,1,1,1,1,,  hthrhh QQ    
     2,0,0,1,2,2,2  hthrhh QQ   
     0,0,2,2,12,2,  hthrhh QQ  .    
 
Theorem 5. Let ,1f 2f  and 3f  be	 an	 unmixed	 polynomial	 syst m	 wit 	 supp t	
            hhhhhhhhA 2,,,2,,,,0,0,,0,0 . For each 6,,1i  t  ogen us c rdinate of i  f r 
1h  equals the homogeneous coordinate of ie  f 	a y	h	>	1. 
Proof. For 1h , name the support of the system 1A  given b              21,1,2,1,1,1,0,0,1,0,0A . 
Homogeneous coordinate for each element of 1A ,    ,3,1,0,00, Q ,    ,2,0,0,10,1 Q ,
   0,2,2,1,01,0 Q ,    1,1,1,1,11,1 Q ,    2,0,0,1,21,2 Q ,    0,0,2,2,21 Q . 
 
 Taking h > 1, the homogeneous coordinates of each element of hA  are,
   2,2,0,0,10, hhQ  ,    0,2,2,1,0,0 hhQ  ,    1,1,1, ,1,hhQ  ,    2,0,0,1,2,2 hhhQ  , 
   0,0,2,2,12, hhhQ  .  
 
Theorem 4 illustrates that scaling the edges of 1A h times gives the same hom ge eous 
coordinate since for all hi Ae ˆ ,      iii eehe  ˆ  by Definition 1. Eac  homogeneous 
coordinate is a point in 4P which is written uniquely up to multiplication b  *C . Here h . 
Example 2.  Consider the following nonlinear unmixed system, 
24
6
42
15
22
4
2
3
2
21 yxbyxbyxbybxbbf iiiiii  , 3,2,i . 
This system is generated when h = 2 (h > 1) and gives support 
            4,2,2,4,2,2,2,0,0,2,0,0A . 
By Definition 2, the homogeneous coordinates for each support are shown in Table 3. 
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This system is generated when h = 2 (h > 1) and gives support A = 
{(0,0), (2,0), (0,2), (2,2), (4,2), (2,4)}. By Definition 2, the homogeneous 
coordinates for each support are shown in Table 3.
Table 3: homogeneous Coordinates
Exponent vector 
               a
Homogeneous coordinate  
(a1,...,a5)
(0, 0) (0, 0, 2, 6, 2) = 2(0, 0, 1, 3, 1)
(2, 0) (2, 0, 0, 4, 4) = 2(1, 0, 0, 2, 2)
(0, 2) (0, 2, 4, 4, 0) = 2(0, 1, 2, 2, 0)
(2, 2) (2, 2, 2, 2, 2) = 2(1, 1, 1, 1, 1)
(4, 2) (4, 2, 0, 0, 4) = 2(2, 1, 0, 0, 2)
(2, 4) (2, 4, 4, 0, 0) = 2(1, 2, 2, 0, 0)
This example showed that by scaling the edges, h = 2 times gives 
the same homogeneous coordinate for h = 1.
ConCluSIon 
The concepts in algebraic geometry were highlighted through the 
construction of Bèzout matrix. The implementation of the algorithm of 
Bèzout matrix is on the unmixed bivariate polynomial systems of the form 
equation (8) by considering the origin as the distinguished point of the 
Newton polytope. Detail implementation and construction are presented 
to indicate that, it is sufficient to consider only the case when r = t = 0 and 
h = k  and scaling the edges of A1, h times gives the same homogeneous 
coordinate.
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